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a b s t r a c t

In this work, we develop a model for strongly-coupled, deformation-dependent diffusion in composite
media at finite strains. The coupling incorporates the effects of deformation into the diffusivity tensor.
A time-transient, three-dimensional variational formulation is developed and then discretized using
the Finite Element Method in conjunction with an implicit staggering scheme to resolve the coupled mul-
tiphysics. Numerical examples are provided to illustrate the model.

! 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In many modern engineering applications, diffusion in solids
plays a major role in the operation of devices which are, in many
cases, constructed from composite media. As a species diffuses into
a solid, a complex physical process occurs, which primarily mani-
fests itself as macroscopic swelling. The diffusion process can have
a major effect on the operation resulting in large deformations and
stresses and, in some cases, failure. In this paper, we investigate
the phenomena of strong coupling between diffusion of a species
into a nonlinear elastic solid body and the concentration, deforma-
tion, and stresses in that body. We are particularly interested in fi-
ber-reinforced composite materials with different mechanical and
diffusive properties. We consider cases where the diffusion and
deformation are coupled in both directions, i.e. they affect one an-
other. We first investigate the qualitative behavior analytically,
then the time-transient, three-dimensional behavior for composite
systems by developing a variational formulation which is then dis-
cretized using the Finite Element Method, in conjunction with an
implicit staggering scheme.

Specifically, in this study we construct mathematical models
where we begin with the separate, well-established, models for
diffusion and finite elasticity. For diffusion, we consider enhance-
ments to Fick’s laws of diffusion. For elasticity, we consider a mod-
erate finite strain elastic model employing a Kirchhoff–Saint
Venant material. We consider material constants to be coupled

and consider strain-dependent diffusivity, where the diffusivity
tensor depends on the volumetric strain through the Jacobian
J = det(F). We also consider saturation effects, where a finite
amount of diffusing species is absorbed by the solid and the diffu-
sion process terminates. This is modeled as having a diffusivity
tensor that is dependent on species concentration.1 Early work on
the coupling of diffusion and deformation or stress was done by
Truesdell [1] Green and Adkins [2], and Adkins [3,4] have made ma-
jor advancements in the field. Later on, Aifantis et al. [5–7] did work
on stress-assisted diffusion, and also Mixture theory was used to
model the coupling by Rajagopal [8]. In the last decade or so, there
were recent theoretical advancements in nonlinear diffusion and
mechanics that we found to be most relevant to this study. Baek
and Srinivasa [9] came up with a more direct approach that deals
with the problem and compared it with mixture theory, finding both
theories to be comparable. Suo et al. analyzed large deformations in
gels [10], which was useful in the development of the present model.
For more complex modeling, including damage and thermal effects,
see Zohdi [11] and Duda et al. [12].

2. Modeling deformation-dependent diffusion

We establish the basic settings of this model in the reference
configuration. Capital letters are associated with the reference con-
figuration and lower-case letters are associated with the current
configuration. Letters with a tilde ð~!Þ are associated with diffusive
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processes, and the letters without any sign are mechanical variables.
For three dimensional diffusion, the most common constitutive laws
are known as Fick’s laws, where the flux is related to the gradient of
the concentration of a substance, eC , at a material point as,
eJ ¼ $eDGradðeCÞ: ð1Þ

where D
%

is the diffusivity tensor. Conservation of mass in a material
point with no internal source terms can be written,
@eC
@t
¼ $DivðeJÞ; ð2Þ

where Div is the divergence operator with respect to the reference
configuration. Combining the two Eqs. (1), (2) yields

@eC
@t
¼ DivðeDGradðeCÞÞ ð3Þ

which is known as Fick’s law of diffusion. For mechanics, we use the
balance of linear momentum

DivðPÞ þ qref fref ¼ qref €uref ð4Þ

where P is the first Piola–Kirchhoff stress, ()ref implies the reference
configuration, q is the mass density,f are the body forces, and €uref is
the second time derivative of the displacement. For elasticity, we
consider a Kirchhoff–Saint Venant nonlinear elastic material model

S ¼ E : E ð5Þ

where S is the Second Piola–Kirchhoff stress and E ¼ 1
2 ðC$ IÞ is the

Green–Lagrange strain tensor. We define the strains due to diffu-
sion as Ec, and consider the diffusion tensor, D

%
, to be a function of

the mechanical deformation and the concentration as,

eD ¼ eDðE; eCÞ: ð6Þ

This allows us to construct mathematical models which de-
scribe different physical phenomena. The modified Second Piola–
Kirchhoff stress becomes

S ¼ E : ðE$ EcÞ ð7Þ

and the modified diffusion equation becomes

@eC
@t
¼ DivðeDðE; eCÞGradðeCÞÞ ð8Þ

where Grad is the gradient operator with respect to the reference
configuration.

3. Strain-dependent diffusivity

We assume that the diffusivity tensor, D
%

, is a function of the
deformation in general, and specifically a function of the volume
change through the Jacobian as

eD ¼ eDðJÞ: ð9Þ

Some simple arguements provide guidance on constructing a model
for D

%
ðJÞ. For example, if we continuously compress the material, it is

reasonable to assume that the diffusivity will decrease to a lower lim-
it (becoming fully densified), which we will take to be equivalent to
zero diffusivity. As the volume increases, the magnitude of the diffu-
sivity will grow to values larger than of the reference configuration
(J > 1). In terms of a function, we require that D

%
ðJ ¼ 0Þ ¼ 0;

D
%
ðJ ¼ 1Þ ¼ eD0. The actual values are material dependent, and can

be found experimentally. We also assume that the function is smooth
and continuous. A function that satisfies these requirements is the
following:

eDðJÞ ¼ eD0
eaJ $ 1
ea $ 1

ð10Þ

where ‘a’ is a constant that is determined experimentally. For the
case where there are no deformations, the diffusivity tensor scales
to its initial value eD0. The plot for Eq. (10) can be seen in Fig. 1.

4. Swelling strains

We now consider some simple models for swelling strains (i.e.
J > 1).

4.1. Uniform swelling

In the simplest case, similar to thermo-elasticity, we consider
uniform (isotropic, or direction-independent swelling, i.e. see
[11]) defined via

EC ¼ bðeC $ eC 0ÞI ð11Þ

where eC0 is a material initial concentration and b is a scalr material
constant that controls the magnitude of the stress resulting from
the swelling (similar to the coefficient of volumetric thermal expan-
sion, aj, in thermo-elasticity). This yields the Second Piola–Kirchoff
stress as

S ¼ E : ðE$ bðeC $ eC0ÞIÞ: ð12Þ

4.2. Non-uniform swelling

Alternatively, one may assume that the solid swells up non-uni-
formly (i.e anisotropic, or directionally-dependent). Specifically, it
has preferred directions in which it will swell (i.e. along the direc-
tion of material fibers). We define b as a material constant, and M is
a unit vector normal to the plane of isotropy in the reference con-
figuration (i.e. M is in the direction of the fibers in a fiber-compos-
ite material). We assume that the material will swell up in any
direction normal to the fiber direction, thus we use the projection
tensor I $M 'M. With that, we define the stress as,

S ¼ E : ½E$ bðeC $ eC 0ÞðI$M'MÞ) ð13Þ

Remark. As mentioned earlier, beyond a certain concentration
level eC 1 (which is a material constant), the diffusivity is set to zero
so that the diffusion process is terminated. Below a certain
concentration level eC0 (again, a material constant) it should
initially retain its initial value of eD0. In the range ½eC0; eC1) smoothly,
we define the diffusivity as

D
%
ðeCÞ ¼ D

%
0 $ ðD

%
0 $ D

%
1Þ= exp

eC 0þeC 1
2 $ eC

a

0

@

1

Aþ 1

0

@

1

A ð14Þ

Increasing 'a'

1
J

1

a J 1

a 1

Fig. 1. Volume dependent diffusivity.
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where eD1 can be set to zero for full saturation. a is a non-dimen-
sional material constant smoothing factor that controls the rate of
change of the diffusivity with respect to the concentration with in
the range ½eC0; eC1). It is set to be greater than zero (a > 0), as zero
is a limiting case that causes a jump in the diffusivity from eD0 to
eD1. The affects of a, and the general behavior of the function can
be seen in Fig. 2.

5. Finite element formulation

In order to computationally investigate and analyze the model,
we provide a concise Finite Element formulation.

5.1. Balance of linear momentum

Starting with the local equation in the reference configuration,
we have

DivðPÞ þ qref fref ¼ qref €uref ð15Þ

We apply an inner product with a vector test function v, and
integrate over the entire reference region X0, to get
Z

X0

½v * DivðPÞ þ qref v * fref )dX0 ¼
Z

X0

qref v * €uref dX0 ð16Þ

We apply the product rule and the Divergence theorem, and in-
voke that on the boundary wherever the displacement is known
(Cu) the test function v is set to be zero. From that we and get
the weak form of Eq. (15)Z

Cp

v * pdCp $
Z

X0

GradðvÞ * PdX0 þ
Z

X0

qref v * fref dX0

¼
Z

X0

qref v * €uref dX0 ð17Þ

where p = P * N is the Piola traction in the reference configuration,
Cp is the boundary where the tractions are specified, and @X0 = Cp -
[ Cu. The solution of this equation can be approximated with the
use of the Finite Element method and time discretization. With the
use of the Backward Euler time-scheme and following the Galerkin
procedure, for the righthand side of the equation we obtain

b
1

Dt2
L

MLþ1aLþ1 $ 1
DtL

1
DtL
þ 1

DL$1

! "
MLaL þ 1

DtLDL$1
ML$1aL$1

" #

ð18Þ

where ML is known as the mass matrix at time L, DtL is the time-
step at time L, b are arbitrary constants, and aL are the displace-
ments at time L. For the lefthand side of Eq. (17), we obtain

b
Z

Cp

p/dCp $
Z

X0

D½/)PdX0 þ
Z

X0

qref f
ref
/ dX0

" #
ð19Þ

where p/ is related to p, D[/] is a derivative operator, and fref
/ is re-

lated to fref. This leads to the discrete form of the balance of linear
momentum, and since b is arbitrary we get

aLþ1 ¼ Dt2
L ½M

Lþ1)
$1
ðfext þ f intÞ ð20Þ

where

fext ¼
Z

Cp

p/dCp þ
Z

X0

qref f
ref
/ dX0 ð21Þ

and

f int ¼ $
Z

X0

D½/)PdX0 þ
1

DtL

1
DtL
þ 1

DtL$1

! "
MLaL $ 1

DtLDtL$1
ML$1aL$1

# $
ð22Þ

5.2. Diffusion equation

Starting with the diffusion equation in the reference configura-
tion, we have

@eC
@t
¼ DivðeDGradðeCÞÞ ð23Þ

We apply an inner product operation with a scalar test function
v on both sides of the equation, and integrate over the entire refer-
ence region X0 to get
Z

X0

v @
eC
@t

dX0 ¼
Z

X0

vDivðeDGradðeCÞÞdX0: ð24Þ

We use the product rule and the Divergence theorem, and invoke
that on the boundary wherever the concentration is known ðCeC Þ
the test function v is set to be zero to get the weak form of Eq. (23)
Z

X0

v @
eC
@t

dX0 ¼
Z

CeJ
veJ *NdCeJ $

Z

X0

GradðvÞ * eD * GradðeCÞdX0 ð25Þ

where CeJ is the boundary where the flux is prescribed, and

@X0 ¼ CeJ [ CeC . The solution of this equation can be approximated
with the use of the Finite Element method and time discretization.
With the use of the Backward Euler time-scheme we follow the
Galerkin procedure and approximate the concentration and the test
function to obtain

b
1

DtL
McðcLþ1 $ cLÞ ¼ b

Z

CeJ
eJ/dCp $

Z

X0

D½/)eD * GradðeCÞdX0

2

4

3

5 ð26Þ

where Mc is known as the mass matrix and cL are the discrete con-
centrations at time L. DtL is the time step at time L, b are arbitrary
constants, J

%
/ is related to the flux J

%
, and D[/] is a derivative opera-

tor. Since b is arbitrary we get the following

cLþ1 ¼ cL þ DtL½M)$1
Z

CeJ
eJ/dCp $

Z

X0

D½/)D * GradðeCÞdX0

2

4

3

5 ð27Þ
Increasing ' '

C0
C0 C1

2 C1

C
D1

D0

D C

α

Fig. 2. Diffusivity for saturation.

Table 1
Cases of modeling the coupling of deformation-dependent diffusion.

Case # Eqn. Desription Material const.

Case 1 Fixed diffusivity eD0; b; eC0; E0

Case 2 (10) Strain dependent diffusivity eD0; b; eC0; a; E0

Case 3 (13) Saturation eD0; eD1; b; eC0; eC1;a;E0

Case 4 (14) Diffusion induced nonuniform strain eD0; b; eC0;M; E0
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6. Staggering scheme

With the Finite Element formulation set up, a numerical solver
needs to be prescribed in order to solve the coupled equations.
We introduce here the details of the staggering scheme that was
used in the computational modeling of the equations.

6.1. Fixed point iteration

Since the equations are nonlinear, a nonlinear solver is required.
We used Fixed Point Iteration, that even though it has a lower order
of convergence compared to Newton’s method, it is known to be
advantageous for finding solutions to problems involving stability
or multi-field coupled problems where the variables are of different

order of magnitude. Constructing a Fixed Point Iteration scheme
does not require a stiffness matrix (required for Newton’s method),
which can be ill conditioned due to different orders of magnitude
in the coupled equations (i.e. elasticity and diffusion). The method
iterates the already specified equations until convergence.

Algorithm 1. Algorithm for fixed point iterations

Guess an initial solution x = x0

Set i = 1
while kf(xi)k > TOL do

1. xi+1 = f(xi)
2. i = i + 1

end while

0.2 0.4 0.6 0.8 1.0 1.2 1.4
time

1.002

1.004

1.006

1.008

v
V

Case1 Case2 Case3 Case4

0.2 0.4 0.6 0.8 1.0 1.2 1.4
time

1.005

1.010

1.015

1.020

1.025

m
m0

Case1 Case2 Case3 Case4

Fig. 3. Plots of the nondimensional mass and volume as functions of time.

Fig. 4. Plots of the magnitude of the displacement case 2 at different time steps (displacements are magnified by a factor of 50). Note: only one eighth of the cube is plotted.
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Given an equation of the form x = f(x), the algorithm for the
method is as follows:

The conditions for the method to hold (to converge) are known
as the Lipschitz condition (explained in [13,14]).

6.2. The staggering method

This method can be generalized for N equations, but, for sim-
plicity we show it for two equations, and for the case most suitable
for our computations (i.e. it suitable for fixed point iteration).

Given two variables x and y, and two equations that depend on
those variables x = f(x,y) and y = g(x,y), the algorithm for the meth-
od is as follows:

Algorithm 2. Algorithm for fixed point iterations

Set i = 1, Normx = Normy = 1010 (large number)
Guess an initial solution xi = x0, yi = y0

while kNormxk > TOLx or kNormyk > TOLy do
1. xi+1 = f(xi,yi)
2. Normx = kxi $ xi+1k
3. xi = xi+1

4. yi+1 = g(xi,yi)
5. Normy = kyi $ yi+1k
6. yi = yi+1

end while

These two methods comprise our scheme for solving the cou-
pled, nonlinear algebraic equations.

7. Numerical examples

With the combined numerical scheme in hand, we use it to sim-
ulate and analyze different model problems. Table 1 ilustrates the
different cases.

We consider the case of free swelling (traction-free boundary
constraints) where the body is subjected to a change in the concen-
tration on all the boundaries, and due to the diffusion into the
body, it will swell. Specifically, the concentration boundary condi-
tions are set as follows: the body has an initial concentration eC0 in
the entire body at time t = 0. For a short amount of time up to t = tr

the concentration on the boundary is linearly ramped up to a value
of eC f , and it is kept at that value until the end of the simulation at
time t = tf. This mimics a solid with an initial concentration sub-
merged into a infinite bath with a different concentration.

As a first example, we study a fiber-free material, i.e only the
matrix. Afterwards, we study a matrix material with embedded fi-
bers. Three cases are considered: strain dependent diffusivity, sat-
uration, and diffusion induced nonuniform strain. For comparison,
the same loads, boundary and initial conditions are applied in all
cases. For the matrix we chose a standard Epoxy resin (E = 5 GPa,
m = 0.30, q ¼ 1200 kg

m3, eD ¼ 0:010 m2

s , eDmax ¼ 0:010 m2

s ,
eDmin ¼ 0:0 m2

s , eC0 ¼ 46:0 kg
m3, eC1 ¼ 60:0 kg

m3, a = 0.80,

b ¼ 0:00010 m3

kg ), and for the fibers we chose carbon-fibers

Fig. 5. Plots of the Von Mises stress at different time steps for case 2 strain dependent diffusivity.
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(C11=20 GPa, C12=9.98 GPa, C13=6.45 GPa, C33=235 GPa, C44=24 GPa,
q ¼ 1800 kg

m3, eD ¼ 0:10 m2

s , eC0 ¼ 50:0 kg
m3, eC1 ¼ 55:0 kg

m3, a = 0.80,

b ¼ 0:00010 m3

kg ). The matrix was modeled as an isotropic material
and the fibers as a transversely isotropic material.

In these examples, of primary interest was the concentration in
the body, as well as the Von Mises stress and the displacements.
Note that the model for free swelling does not induce stresses in
a homogeneous body at steady state, however, transient stresses
will be induced during the redistribution of the diffusing phase
in the body, as dictated by our model, which relates the stress in
the body to the difference between the strains and the strains-
due-to-diffusion ðS ¼ E : ðE$ EcÞÞ. As the concentration in the body
changes with space and time during the transient phase, the
strains due to diffusion, Ec vary in the body and therefore the stres-
ses as well. As the body reaches steady state, the concentration in
the body becomes homogeneous and strains match the strains-
due-to-diffusion. The magnitude of the stresses becomes smaller
and reaches zero at steady state.

Fig. 3(a) shows the change of nondimensional total mass of the
body (current mass divided by initial mass) with respect to time.
The plots of cases 1, 2, and 4 are overlaid. The curves rise as the
concentration ramps up on the boundaries, and then gradually
approach a final value that corresponds to the final level of
concentration in the body. For case 3 (saturation), we see that

the curve does not rise in a linear manner, it rises to a constant
value which is the saturation point of the body. It then remains
at that value for the rest of the simulation. Even though on a local
level the cases are different, on a global level cases 1, 2, and 4
accumulate mass in the same manner as there are no restrictions
such as in case 3. The body absorbs the diffusing matter according
to the magnitude of the diffusivity, the boundary and initial
conditions (equal in all four cases), which is why case 3 differs in
mass accumulation.

Fig. 3(b) shows the change of nondimensional total volume of
the body (divided by its initial volume) as a function of time. The
plots of cases 1 and 2 are overlaid. For case 3 (saturation), we ob-
serve that the curve rises to a constant value which is the satura-
tion point of the body. The saturation point in this case is set low
so that in comparison with the other cases the volume in case 3
barely changes. For case 4 (Nonuniform diffusion induced strain)
the curve is similar to cases 1 and 2, but the maximum magnitude
is smaller. That is due to the fact that the direction of the nonuni-
formity (vector M in the model) constrains the deformations in
that direction and therefore the total volume is constrained as well.

In the next few sections a more detailed analysis is shown for
cases 2, 3, and 4 where different variables and parameters are dis-
played as they change in space and time. A block with dimensions
of 0.1 m + 0.1 m + 0.1 m is taken to be one eighth of the total size
due to the symmetry of the problem.

Fig. 6. Plots of the concentration in case 3 (saturation) at different time steps. Note: only one eighth of the cube is plotted.
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7.1. Case 2: strain dependent diffusivity

Now consider a homogeneous material with the following con-
stitutive models:

eDðJÞ ¼ eD0
eJ $ 1
e$ 1

S ¼ E : ðE$ bðeC $ eC0ÞIÞ
ð28Þ

which accounts for uniform strain-dependent diffusion. Fig. 4
shows the change of magnitude of the displacement during the
change of concentration in one eighth of the block. As the concen-
tration is ramped up on the boundaries, the displacements become
larger creating spherical iso-surfaces centered in the center of the
block. The center of the block does not experience any displace-
ments and the furthest corner from the center displaces the most.
This is according to our model that is composed of uniform in-
duced-diffusion and difference between the mechanically-in-
duced-strains and strains-due-to-diffusion.

Fig. 5 shows how the non-dimensional Von Mises stress (di-
vided by the yield stress), change during the change of concentra-
tion in the body. The dynamic process of swelling causes both
stresses normal and shear stresses in all directions, creating a com-
plex spatial variance in the Von Mises stress. The center of the
block remains at zero stress throughout the process, and
the furthest corners are able to match the concentrations at the

boundaries quickly as well as deform more freely compared to
the rest of the block. Because of that, the corners experience zero
stress throughout the process as well. At the middle of the faces
of the block the surroundings constrain the deformations and the
concentration ramp up as this is the boundary. This causes
the highest stresses to be in the center of each face and the
magnitude of the Von Mises stress, influenced by both the
concentration and the deformation, is spatially reduced further
away from that point.

7.2. Case 3: saturation

Now consider a homogeneous material with a saturation model
for the diffusion process. The following constitutive models are
used:

eDðeCÞ ¼ eD0 $
eD0

ExpððeC 0þeC 1
2 $ eCÞ=aÞ þ 1

S ¼ E : E$ b 1$
1

Exp $eC 0þeC 1
2 þ eC

% &
=a

% &
þ 1

0

B@

1

CAI

0

B@

1

CA

ð29Þ

where a ¼ 0:80; eC0 ¼ 46:0 and eC1 ¼ 60:0 so that the concentration

level in saturation is set at eC 0þeC 1
2 ¼ 53. Fig. 6 shows the changes in

concentration in the block. The entire body is with an initial concen-

Fig. 7. Plots of the magnitude of the displacement case 4 at different time steps (displacements are magnified by a factor of 50). Note: only one eighth of the cube is plotted.
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tration of eC ¼ 50 which is ramped up on the boundaries up to a
magnitude of eC ¼ 80. Even though the concentration is ramped
up on the boundaries to eC ¼ 80, the concentration inside the block
never reaches those values. The maximum level of concentration in
the body is 53 as prescribed, and there is a high gradient close to the
boundaries. This is a numerical artifact which becomes smaller with
the size of the elements (the gradient passes through one element
satisfying boundary conditions on one end, and saturation condition
on the other). At steady state, although the gradient is large, the
stresses are reduced to zero.

7.3. Case 4: diffusion induced nonuniform strain

Finally, we consider a homogeneous material with nonuniform
strain induce by diffusion. The following constitutive models are
used:

eD ¼ eD0

S ¼ E : ðE$ bðeC $ eC0ÞðI$M'MÞÞ
ð30Þ

where M is set normal to one of the face in the block. Fig. 7 shows
how the magnitude of the displacement change during the change
of concentration in the block. Due to the nonuniform deformation,
induced by diffusion, the maximum magnitude of the displace-
ments in this case is almost twice as large as the values shown in
case 2. Because this is a homogeneous material, in steady-state

the stresses die down and the body has a homogeneous distribution
of the concentration. Since the model has nonuniform strains-in-
duced-by-diffusion, even though the material is isotropic, we see
that the iso-surfaces constructed by constant values of Von Mises
stress are ellipsoidal and not spherical, as expected. The body swells
up and deforms due to diffusion in two main directions, causing it
to deform in the third direction due to Poisson’s effect.

Fig. 8 shows how the non-dimensional Von Mises stress (di-
vided by the yield stress), change during the change of concentra-
tion in the body. It is evident that the stress evolves in a different
manner than that shown in case 2, as the magnitude of the stress in
the direction of M is much smaller compared to the other faces.
The overall magnitude of the stress is four times higher than in
case 2, indicating that even though the parameters for the uniform
and nonuniform cases are the same the non-uniformity plays a ma-
jor role in producing stresses.

7.4. Free swelling of a fiber composite material

We consider a fiber composite material where the matrix and
the fibers have different mechanical and diffusivity properties (sta-
ted above). These differences create a complex behavior in both the
stresses and deformations as well as the diffusion process. We first
look at a case where the fibers are transversely isotropic and the
matrix is isotropic, but the diffusion parameters are the same. In
the second case we consider the full complexity where the fibers
and the matrix are different in all parameters.

Fig. 8. Plots of the Von Mises stress case 4 at different time steps.
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7.4.1. Case 2: strain dependent diffusivity
In this case four fibers are positioned in the matrix equally

spaced. We consider the following constitutive models for both
the fibers and the matrix:

eD ¼ eD0
eJ $ 1
e$ 1

S ¼ E : E$ bðeC $ eC 0ÞI
ð31Þ

With an isotropic model for the matrix (Epoxy), and a trans-
versely isotropic for the fibers (carbon-fibers). Fig. 9 displays
the Von Mises stress in the block. During the transient phase
we observe the different stresses that arise due to the spatial
distribution of the concentration and the different mechanical
stiffness of the matrix and the fibers. There is a stress concen-
tration in the matrix in between the fibers as a result of that.
As the distribution of the concentration in the block becomes
homogeneous at steady state, the stress is reduced to zero. That
is due to the fact that the strains-due-to-diffusion are modeled
to be the same for both materials. For a homogeneous concen-
tration the block swells and deforms in a homogeneous and iso-
tropic manner. The mechanically-induced-strains become equal
to the strains-due-to-diffusion and the stress is zero as a result.
This example illustrates the freedom of this model, that has
three different modeling possibilities: mechanical, diffusion,
and the coupling of them.

7.4.2. Free swelling of a fiber composite with case 1 for the matrix and
case 4 for the fibers

We now consider a more complex case that includes different
models and characteristics for the fiber and the matrix, both in dif-
fusion and mechanics. A more complex placement of the fibers in
the matrix is considered to resemble a realistic fiber-composite
material. The fibers are embedded in the matrix in different orien-
tations with a 90" difference between the fiber bundles. For the
matrix, we consider an isotropic material (Epoxy), and the follow-
ing constitutive model for the diffusion:

eD ¼ eD0

S ¼ E : ðE$ bðeC $ eC0ÞIÞ
ð32Þ

and for the fibers, we consider a transversely-isotropic material
(carbon-fibers) that does not elongate in the fiber direction due to
diffusion:

eD ¼ eD0

S ¼ E : ðE$ bðeC $ eC0ÞðI$M'MÞÞ
ð33Þ

where M is the fiber direction. As a result, the parameters and mod-
el for deformation-induced-by-diffusion are different for the matrix
and the fibers. Fig. 10 shows how the non-dimensional Von Mises
stress (divided by the yield stress), change during the change of
concentration in the block. The heterogeneity of material in all

Fig. 9. Fiber composite swelling, case 2: plots of the Von Mises stress at different time steps (displacements are magnified by a factor of 200).
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the parameters produces a steady state configuration that is not
stress free. As the two materials act differently for the same lev-
els of concentration stresses and deformations are not the same,
causing stress concentrations where the fibers and the matrix are
joined. The overall deformations are complex compared to the
other cases shown here and depend on the orientation of the fi-
bers as well.

In Fig. 11 the magnitude of the displacement change during the
change of concentration is shown in one eighth of the body. The
difference between the fibers and the matrix is most evident and
the locations of the fibers plays a major role as well. The fibers
close to the edges cause edge effects and deform in a different
manner than fibers closer to the middle of the matrix. The center
of the block does not deform, as expected, but the spherical iso-
surfaces are not apparent and the overall displacement is highly
influenced by the fibers and the matrix.

The complexity of the stresses and deformations in fiber com-
posite materials due to the coupling between diffusion and defor-
mation can be fully appreciated in this case. This examples
illustrates the full capacity of the models developed here, showing
that if a fiber composite is considered to be used for diffusion, an
analysis is required.

8. Summary

In this work, we developed a model for strongly-coupled, defor-
mation-dependent diffusion in composite media at finite strains,
which incorporates the effects of deformation into the diffusivity
tensor. A time-transient three-dimensional variational formulation
was developed and then discretized using the Finite Element meth-
od. The strong multiphysical coupling was resolved using a stag-
gering scheme. A series of numerical examples were provided to
investigate the mathematical model. The examples included com-
plex scenarios that analyzed fiber-reinforced composite materials
with different mechanical and diffusivity characteristics for the fi-
bers and the matrix. In that case the simulations provided an in-
sight into how the nonlinearity and strong coupling are effecting
the stresses and deformations in a heterogeneous material due to
the diffusion process. Specifically, three physically based main
models were developed and simulated in free swelling: strain-
dependent diffusivity, nonuniform diffusion-induced-strains, and
saturation. These mathematical models and computational frame-
work can be used to further study different combinations of fibers
and matrix materials, and to optimize the parameters for best re-
sults. The utility of this model is the ability to streamline the

Fig. 10. Fiber composite swelling, cases 1 and 4: plots of the Von Mises stresses at different time steps (displacements are magnified by a factor of 200).

422 D. Klepach, T.I. Zohdi / Composites: Part B 56 (2014) 413–423



number of difficult and time-consuming experiments. The general
framework developed allows for natural extensions to include
other material models such as the Ogden family, Mooney–Rivlin
and Blatz–Ko type models. This is under investigation by the
authors.
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