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Abstract Many additive manufacturing technologies
involve the deposition of particles onto a surface followed by
selective, targeted, laser heating. This paper develops a mod-
ular computational framework which combines the various
steps within this overall process. Specifically, the framework
synthesizes the following:

• particle dynamics, which primarily entails: (a) the move-
ment of the particles induced by contact with the surface,
(b) particle-to-particle contact forces and (c) near-field
interaction and external electromagnetic fields.

• laser-input, which primarily entails: (a) absorption of
laser energy input and (b) beam interference (attenua-
tion) from particles and

• particle thermodynamics, which primarily entails: (a)
heat transfer between particles in contact by conduction
and (b) subsequent thermal softening of the particles.

Numerical examples are provided and extensions are also
addressed for two advanced processing scenarios involving
solid-liquid-gas phase transformations.

Keywords Deposition · Selective laser processing ·
Manufacturing · Particle · Laser

1 Introduction to additive processes

1.1 Motivation

Additive manufacturing (AM), rapid-prototyping (RP) and
3-D printing (3DP) have received a great deal of attention for
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a number of years. According to the American Society for
Testing and Materials (ASTM), AM is defined as the process
of joining materials to make objects from 3D model data,
usually layer upon layer, as opposed to subtractive manu-
facturing methodologies, which remove material. For exam-
ple, an emerging and critical area is print-based technologies
employing deposition of particulate materials. In particular,
printed electronics on flexible foundational substrates are
becoming popular, and have a wide-range of applications,
such as flexible solar cells and smart electronics.1 Print-based
methods involving particles are, in theory, ideal for large-
scale applications, and provide a framework for assembling
electronic circuits by mounting printed electronic devices on
compliant substrates.

Over 50 % of the raw materials handled in industry appear
in powdered form during the various stages of process-
ing. Consistent, high-quality, particles for manufacturing
processes can be produced in a variety of ways, such as:
(a) sublimation from a raw solid to a gas, which condenses
into particles that are recaptured (harvested), (b) atomization
of liquid streams into droplets by breaking jets of metal, (c)
reduction of metal oxides and (d) comminution/pulverizing
of bulk material. The particles are usually passed through
a series of sieves to separate various sizes. Recently, sev-
eral additive manufacturing applications have arisen that
involve the deposition of particles onto a surface, followed by
selective (targeted) laser-assisted processing (Fig. 1). Such
processes involve harnessing optical energy which, due to
the monochromatic and collimated nature of lasers, provide

1 For an early history of the printed electronics field, see Gamota et al.
[36]. For reviews of optical coatings and photonics, see Nakanishi et
al. [65] and Maier and Atwater [58], for biosensors see Alivisatos [3],
for catalysts, see Haruta [41] and for MEMS applications, see Full et
al. [35] and Ho et al. [44].
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Fig. 1 The overall process to
be modelled: (1) particle
deposition and (2) slective laser
processing
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an accurate way to post-process (soften, anneal, bond, drill,
cut, etc.) powdered materials. Simulation of these processes
requires algorithms which account for optical energy prop-
agating through the material microstructure, its conversion
into heat, thermal softening, and subsequent phase trans-
formations, as well as the dynamic response of particulate
systems in the presence of strong optically-induced ther-
mal fields. In many cases, there is significant multifield cou-
pling, which requires methods that can capture the unique
and essential physics of these systems. In this article, the
modeling and simulation of the dynamic particle deposition
and subsequent laser processing is undertaken.

The key for next generation manufacturers to succeed
is to draw upon rigorous theory and high-fidelity compu-
tation to guide and simultaneously develop design rules for
scaling up to industrial-level manufacturing. Because of the
extremely tight profit margins and short turn-around times
in manufacturing of new materials, there is an industrial
need for numerical simulation of these types of processes.
However, continuum-based simulation methods, such as the
finite element methods are ill-suited to simulate systems com-
prised of discrete units (particles). A relatively new modeling
and simulation paradigm for such advanced manufacturing
systems are discrete element/particle-based mechanics and
methods. Particle-based mechanics and numerical methods
have become wide-spread in the natural sciences, industrial
applications, engineering, biology, applied mathematics and
many other areas. The term “particle mechanics/methods”
has now come to imply several different areas of research
in the twenty-first century, for example: (1) Particles as a
physical unit in granular media, particulate flows, plasmas,
swarms, etc., (2) Particles representing material phases in
continua at the meso-, micro- and nano-scale and (3) Parti-
cles as a discretization unit in continua and discontinua in
numerical methods. The application areas of particle-based
methods are quite wide-ranging, for example: (1) Particulate
and granular flow problems, motivated by high-tech indus-
trial processes such as those stemming from spray, deposition
and printing processes, (2) Fluid-structure interaction prob-
lems accounting for free surface flow effects on civil and
marine engineering (water jets, wave loads, ship hydrody-

namics and sea keeping situations, debris flows, etc.), (3)
Coupled multiphysical phenomena involving solid, fluid,
thermal, electromagnetic and optical systems, (4) Mater-
ial design/functionalization using particles to modify base
materials, (5) Manufacturing processes involving forming,
cutting, compaction, material processing, (6) Biomedical
engineering, involving cell mechanics, molecular dynamics
and scale-bridging, (7) Multifracture and fragmentation of
materials and structures under impact and blast loads and
(8) Excavation and drilling problems in the oil/gas indus-
try and tunneling processes. Particle or Discrete Element-
based computation has emerged in multiple fields, and is
ideal for simulation of additive manufacturing processes,
since the physical systems are inherently discontinuous. They
are advantageous in dealing with domains that break apart
or come together, as compared to traditional continuum
based finite difference and finite element methods which
have severe limitations when dealing with discontinua. For
reviews see, for example, Duran [27], Pöschel and Schwager
[75], Onate et al. [67,68], Rojek et al. [80], Carbonell et al.
[9], Labra and Onate [52] and Zohdi [114].2

As mentioned, one class of additive processes is 3D print-
ing, which was first developed by Hull [46] of the 3D-
Systems Corporation in 1984. 3D printing was a 2.2 bil-
lion dollar industry in 2012, with applications ranging from
military to medical to the arts (30 % motor vehicles, 15 %
consumer products, medical 9 % and business 11 %). Typ-
ically such a process takes CAD drawings and slices them
into layers, printing layer by layer. The usual resolution of
this process is 250 and 1600 DPI at the high end. The types
of deposition range from:

• Extrusive deposition-fused deposition modeling using
clays,

2 There has been considerable research activity in processing of pow-
ders, in particular by compaction, for example, see Akisanya et al. [2],
Anand and Gu [5], Brown and Abou-Chedid [8], Domas [20], Fleck
[33], Gethin et al. [37], Gu et al. [39], Lewis et al. [55], Ransing et al.
[76], Tatzel [87] and Zohdi [101,102]. The study of “granular” or “par-
ticulate” media is wide ranging. Classical examples include the study
of natural materials, such as sand and gravel, associated with coastal
erosion, landslides and avalanches.
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• Wire/linear deposition-electron beam freeform for met-
als,

• Granular deposition-direct metal laser sintering for met-
als and alloys and

• Powder bed deposition-plaster based materials,

to name a few. In particular, for granular and powder based
materials, selective thermal processing of materials using
lasers (or variants based on electron beams) is quite attractive.
The upper bound for the power of a typical industrial laser is
approximately 6,000 Watts. Typically, the initial beam pro-
duced is in the form of collimated (parallel) beams which are
then focused with a lens onto a small focal point (approxi-
mately 50 mm away) of no more than about 0.000025 m in
diameter. Selective laser sintering, was pioneered by House-
holder [43] in 1979 and Deckard and Beamen [16] in the mid-
1980s.3 An overall technological goal is to develop compu-
tational tools to accelerate the manufacturing of printed elec-
tronics. Lasers can play a central role in precisely processing
these systems.

1.2 Specific objectives

The objective in this paper is to develop a direct particle-
based computational framework which captures the follow-
ing main physical events:

• particle dynamics, which primarily entails: (a) the move-
ment of the particles induced by contact with the surface,
(b) particle-to-particle contact forces and (c) near-field
interaction and external electromagnetic fields.

• laser-input, which primarily entails: (a) absorption of
laser energy input and (b) beam interference (attenua-
tion) from particles and

• particle thermodynamics, which primarily entails: (a)
heat transfer between particles in contact by conduction
and (b) subsequent thermal softening of the particles.

We remark that the inclusion of electromagnetic effects stems
from the fact that in many emerging processes, the deposited
particles are endowed with charges and guided to the sur-
face with an electromagnetic field, in order to obtain supe-
rior deposition control, relative to a charge-free system. The
charges are achieved through a variety of possible meth-
ods, such as: (1) Post-atomization charging-whereby the
particles come into contact with an electrostatic field (pro-
duced by electrostatic induction or by electrodes) down-
stream of the outlet nozzle, (2) Direct charging-whereby an
electrode is immersed in the coating supply and (3) Tribolog-
ical charging-whereby the friction in the nozzle induces an

3 A closely related method, Electron Beam Melting, fully melts the
material and produces dense solids that are void free.

electrostatic charge on the particles as they rub the surface.
There are a variety of industrial deposition techniques, and
we refer the reader to the surveys of the state of the art found
in Martin [60,62], as well as the extensive works of Choi et
al. [10–13] and Demko et al. [17].

The overall multiphysical system is strongly-coupled,
since the dynamics controls which particles are in mechan-
ical contact and also the induced thermal fields, spurred on
by selective laser-input, thus softening and binding the mate-
rial. The approach taken in the present work is to construct
a sub-model for each primary physical process. These sub-
models are coupled to one another. In order to resolve the
coupling, a recursive multiphysical staggering scheme is con-
structed. The general methodology is as follows (at a given
time increment): (1) each field equation is solved individ-
ually, “freezing” the other (coupled) fields in the system,
allowing only the primary field to be active and (2) after the
solution of each field equation, the primary field variable is
updated, and the next field equation is treated in a similar
manner. As the physics changes, the field that is most sen-
sitive (exhibiting the largest amount of relative nondimen-
sional change) dictates the time-step size. This approach can
be classified as an implicit, staggered, time-stepping scheme,
in conjunction with an iterative solution method that auto-
matically adapts the time-step sizes to control the rates of
convergence within a time-step. If the process does not con-
verge (below an error tolerance) within a preset number of
iterations, the time-step is adapted (reduced) by utilizing an
estimate of the spectral radius of the coupled system. The
modular approach allows for easy replacement of submod-
els, if needed. For more details, the reader is referred to
Zohdi [116]. Towards the end of the work, extensions are also
addressed for two advanced processing scenarios involving
phase transformations and subsequent multiphase dynamics
whereby: (1) material on the system surface is melted and
penetrates the subsurface and (2) material on the surface is
melted, vaporized and vacuumed away.

2 Direct particle representation/calculations

We consider a group of non-intersecting particles (i =
1, 2, . . . , Np). The objects in the system are assumed to
be small enough to be considered (idealized) as particles,
spherical in shape, and that the effects of their rotation with
respect to their mass center is unimportant to their overall
motion, although, we will make further remarks on these
effects shortly. The equation of motion for the i th particle in
system is

mi r̈i = � tot
i (r1, r2, . . . , rNp ) = �con

i +�wall
i

+�bond
i +�

damp
i +�e+m

i , (2.1)
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where ri is the position vector of the i th particle and where
� tot

i represents all forces acting on particle i , which is decom-
posed into the sum of forces due to:

• Inter-particle forces (�con
i ) generated by contact with

other particles,
• Wall forces (�wall

i ) generated by contact with constrain-
ing surfaces,

• Adhesive bonding forces (�bond
i ) with other particles and

walls,
• Damping forces arising from the surrounding intersti-

tial environment (�damp
i ) occurring from potentially vis-

cous, surrounding, interstitial fluids, surfactants and
• External electromagnetic forces (�e+m

i ) which can play
a key role in small charged or magnetized particles.

In the next sections, we examine of each of the types of forces
in the system in detail.

2.1 Comments on rolling

The introduction of rolling and spin is questionable for a
small object, idealized by a particle, in particular because
of rolling resistance. In addition to the balance of linear
momentum, mi v̇i = � tot

i , where the vi is the velocity
of the center of mass, the equations of angular momen-

tum read Ḣi,cm = d(Ii · ωi )

dt
= Mtot

i,cm . For spheres, we have

Hi,cm = I i,sωi = 2
5 mi R2

i ωi and for the time discretization

ωi (t + �t) = ωi (t) + �t

I i,s

(
φMtot

i,cm(t + �t)

+(1 − φ)Mtot
i,cm(t)

)
, (2.2)

where Mtot
i,cm are the total moments generated by interaction

forces, such as contact forces, rolling resistance, etc. For the
applications at hand, the effects of rolling is generally negli-
gible, in particular because the particles are small. However,
nonetheless, we formulate the system with rotations where ri

is the position of the center of mass, vi is the velocity of the
center of mass and ωi is the angular velocity. An important
quantity of interest is the velocity on the surface of the “par-
ticles”, which is a potential contact point with other particles,
denoted vc

i

vc
i = vi + ωi × ri→c, (2.3)

where ri→c is the relative position vector from the center to
the possible point of contact. This is discussed further later.

2.2 Particle-to-particle contact forces

Following Zohdi [116], we employ a simple particle overlap
model to determine the normal contact force contributions
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Fig. 2 Normal contact and friction forces induced by neighboring par-
ticles in contact (after Zohdi [116])

from the surrounding particles (Nci ) in contact, �con,n
i =

∑Nci
j=1 ψ

con,n
i j , based on separation distance between particles

in contact (Fig. 2). Generally,

�
con,n
i j = F(||ri − r j ||, Ri , R j , material parameters).

(2.4)

There is no shortage of contact models, of varying complex-
ity, to generate a contact interaction force. Throughout this
work, we will utilize a particularly simple relation whereby
contact force is proportional to the relative normalized prox-
imity of particles i and j in contact, detected by the distance
between centers being less that the sum of the radii

If ||ri − r j || ≤ Ri + R j ⇒ activate contact, (2.5)

where we define the overlap as

δi j
def= |||ri − r j || − (Ri + R j )|. (2.6)

Accordingly, we consider the following

�
con,c
i j ∝ −K pi j |Ei j |pp ni j Ac

i j , (2.7)

where 0 < K pi j < ∞ is a particle-to-particle contact com-
pliance constant, pp is a material parameter, Ei j is normal-
ized/nondimensional (strain-like) deformation metric

Ei j =
∣∣∣
∣
||ri − r j || − (Ri + R j )

(Ri + R j )

∣∣∣
∣ = δi j

(Ri + R j )
(2.8)

and

ni j = − ri − r j

||ri − r j || = r j − ri

||ri − r j || , (2.9)
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PARTICLE

WALL

Fig. 3 An example of overlap contact between a wall and a particle.
The amount of overlap of the particle with the wall position dictating
the force

where the Ri and R j are the radii of particles i and j respec-
tively. The term Ac

i j is a contact area parameter, which is dis-
cussed in the appendix. The appendix also provides a brief
review of alternative models, such as the classical Hertzian
contact model.

2.2.1 Particle-wall contact

Contact of a particle-to-wall contact is handled in the iden-
tical manner to particle-to-particle, except that the wall dis-
placement is considered given (externally controlled), and
independent of the action with the particles. The contact
between the wall and the particles is handled exactly in the
same manner as the particle to particle contact, with the
amount of overlap of the particle with the wall position dic-
tating the force (see Fig. 3).

2.2.2 Contact dissipation

Phenomenological particle contact dissipation can be incor-
porated by tracking the relative velocity of the particles in
contact. A simple model to account for this is

�
con,d
i j = ccd(vnj − vni )Ac

i j (2.10)

2.3 Regularized contact friction models

Frictional stick is modelled via the following regularized fric-
tion algorithm: (at the point of contact)

• Check static friction threshold (K f is a tangential contact
friction compliance constant):

K f ||vc
j,τ − vc

i,τ ||Ac
i j�t against μs ||�con,n||, (2.11)

where ||vc
j,τ − vc

i,τ ||�t (of dimensions of length) is the
relative tangential velocity at a point of contact, �t is the

time-step used later in the numerical discretization, μs is
the static friction coefficient. This step replaces (regular-
izes) a more rigorous, and difficult, step of first assuming
no slip, generating the no-slip contact forces, by solving
an entire multibody/multisurface contact problem, �ns ,
and checking �ns against the threshold μs ||�con,n|| on
each surface.

• If the threshold not met (K f ||vc
j,τ − vc

i,τ ||Ac
i j�t <

μs ||�con,n||), then

�con, f = K f ||vc
j,τ − vc

i,τ ||Ac
i j�tτ c

i j (2.12)

where

τ c
i j = − vc

i,τ − vc
j,τ

||vc
j,τ − vc

i,τ ||
= vc

j,τ − vc
i,τ

||vc
j,τ − vc

i,τ ||
, (2.13)

where the subscripts indicate the tangential components
of velocity. The tangential velocity at the contact point is
obtained by subtracting away the normal component of
the velocity

vc
t = vc − (vc · n)n. (2.14)

• If the threshold is met or exceeded (K f ||vc
j,τ−vc

i,τ ||Ac
i j�t

≥ μs ||�con,n||), then one adopts a slip model of the form

�
con, f
i j = μd ||�con,n

i j ||τ c
i j , (2.15)

where μd is the dynamic friction coefficient.

2.4 Particle-to-particle bonding relation

For the particles to bond, we adopt a criterion based on
exceeding a critical interpenetration distance. Explicitly:

• Recall, if ||ri − r j || ≤ (Ri + R j ), then the particles are

in contact and Ei j = δi j
(Ri +R j )

.

• If the particles are in contact and |Ei j | ≥ E∗, then an
(adhesive/attractive) normal bond is activated between
the particles of the form

�
bond,n
i j = K nb

i j |Ei j |pb ni j Ac
i j , (2.16)

where 0 ≤ K nb
i j is a bonding constant and pb is a material

parameter.
• If the particles have an activated normal bond, then the

particles automatically have a rotational bond equivalent
in form to stick friction

�
bond,r
i j = K rb

i j ||vc
j,τ − vc

i,τ ||Ac
i j�tτ c

i j . (2.17)
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2.5 Electromagnetic forces

The electromagnetic forces are decomposed into three con-
tributions, (1) Lorentz forces (for charged particles), (2) mag-
netic forces (for magnetic particles) and (3) inter-particle
near-field forces. We will utilize the decomposition of the
electromagnetic forces generated into a (inter-particle) near-
field interaction and the external electromagnetic field

�e+m
i = �

lor,e+m
i +�

mag
i +

N∑

j 	=i

ψ
n f
i j

︸ ︷︷ ︸
�

n f
i

+

= qi (Eext + vi × Bext )
︸ ︷︷ ︸

�
lor,e+m
i

+�mag
i +�

n f
i , (2.18)

where
∑N

j 	=i ψ
n f
i j represents the interaction between particle

i and all other particles j = 1, 2 . . . N ( j 	= i),�lor,e+m
i rep-

resents external Lorentz-induced forces from the surround-
ing environment, for example comprised of Eext and Bext ,
which are externally-controlled fields that are independent
of the response of the system. The terms Eext and Bext

can be considered as static (or extremely slowly-varying),
and thus mutually uncoupled and independently controllable.
The self-induced magnetic fields developed between parti-
cles is insignificant for the velocity ranges of interest here
(well below the speed of light). For the Lorentz force, we
recall the following important observations in conjunction
with electromagnetic phenomena (Jackson [47]):

• If a point charge q experiences a force�lor,e, the electric
field, Eext , at the location of the charge is defined by
�lor,e = qEext .

• If the charge is moving, another force may arise, �lor,m ,
which is proportional to its velocity v. This other
(induced) field is denoted as the “magnetic induction”
or just the “magnetic field”, Bext , such that �lor,m =
qv × Bext .

• If the forces occur concurrently (the charge is moving
through the region possessing both electric and mag-
netic fields), then the electromagnetic force is�lor,e+m =
qEext + qv × Bext .

2.5.1 Inter-particle near-field interaction

Following Zohdi [114], a simple form that captures the essen-
tial near-field effects is

�
n f
i =

Np∑

j 	=i

⎛

⎜
⎝α1i j ||ri − r j ||−β1

︸ ︷︷ ︸
attraction

−α2i j ||ri − r j ||−β2

︸ ︷︷ ︸
repulsion

⎞

⎟
⎠ ni j ,

(2.19)

where the α’s and β’s are empirical material parameters. The
various representations (decompositions) of the coefficients
that appear in Eq. 2.19 are with ci = ±1 (a positive/negative
identifier)

• mass-based (m = mass): αi j = ᾱi j mi m j ci c j ,
• surface area-based (a = surface area): αi j = ᾱi j ai a j ci c j ,
• volume-based (V = volume): αi j = ᾱi j Vi Vj ci c j and
• charge-based: αi j = ᾱi j qi q j ci c j ,

where the ᾱi j are empirical material parameters. There are
vast numbers of empirical representations, for example,
found in the field of “molecular dynamics” (MD), which
typically refers to mathematical models of systems of atoms
or molecules where each atom (or molecule) is represented
by a material point and is treated as a point mass. The over-
all motion of such mass-point systems is dictated by New-
tonian mechanics. For an extensive survey of MD-type inter-
action forces, which includes comparisons of the theoreti-
cal and computational properties of a variety of interaction
laws, we refer the reader to Frenklach and Carmer [34]. In
the usual MD approach (see Haile [40], for example), the
motion of individual atoms is described by Newton’s sec-
ond law with the forces computed from differentiating a pre-
scribed potential energy function, with applications to solids,
liquids, and gases, as well as biological systems (Hase [42],
Schlick [83] and Rapaport [77]). The interaction functions
usually take the form of the familiar Mie, Lennard-Jones,
and Morse potentials (Moelwyn-Hughes [64]), however
three-body terms can be introduced directly into the inter-
action functions (Stillinger [86]) or, alternatively, “local”
modifications can be made to two-body representations
(Tersoff [88]).

2.5.2 Magnetic forces

An additional force can be exerted on magnetic parti-
cles, independent of the electrodynamically-induced Lorentz
forces. A relatively simple model for the charcterization of
this force is given by

�mag = ∇(γ Bext · Bext ), (2.20)

where γ is a material parameter that is related to the magneti-
zation of the particle, and which is dependent on the magnetic
dipole properties, the magnetic susceptibility, the magnetic
permeability and the internal magnetic moment density of
the material (see Feynman et al. [32], Cullity and Graham
[14], Boyer [7] or Jackson [47]. For the specific applications
in this paper, �mag

i is considered small.

2.6 Interstitial damping

Finally, we note that damping from interstitial fluid (or even
smaller-scale paricles, solvents) between particles, such as
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binding enhancers, surfactants and lubricants is possible. A
simple model to account for this is (a very low Reynolds
number “Stokesian” model)

�
damp
i = ce6π Ri (ve − vi ) (2.21)

where ve is the local average velocity of the external intersti-
tial medium, which one may assume to be ve ≈ 0, for most
applications of interest here. The mechanics of the interstitial
fluid is unimportant in problems of interest here. However,
for other applications, such as high-speed flow, the motion
of the fluid can be important, nessitating more sophisticated
drag laws and/or fully coupled (two-way) particle-fluid inter-
action models. This is outside the scope of the present work.
Generally, this requires the use of solid-fluid staggering-type
schemes (for example, see Zohdi [109] and Avci and Wrig-
gers [6]).

3 Time-stepping

Integrating Eq. 2.1 leads to (using a trapezoidal rule with
variable integration metric, 0 ≤ φ ≤ 1)

vi (t + �t) = vi (t) + 1

mi

t+�t∫

t

� tot
i dt

≈ vi (t) + �t

mi

(
φ� tot

i (t + �t)

+(1 − φ)� tot
i (t)

)
, (3.1)

where� tot
i = �con

i +�wall
i +�bond

i +�damp
i +�e+m

i . The
position can be computed via application of the trapezoidal
rule again:

ri (t + �t) ≈ ri (t) + �t (φvi (t + �t) + (1 − φ)vi (t)),

(3.2)

which can be consolidated into

ri (t + �t) = ri (t) + vi (t)�t + φ(�t)2

mi

× (
φ� tot

i (t + �t) + (1 − φ)� tot
i (t)

)
. (3.3)

This leads to a coupled system of equations, which are solved
using an adaptive iterative scheme, building on approaches
found in various forms in Zohdi [107–116]. We note that the
material contact compliance constants in the various force
terms are functions of temperature, K = K (θ) and the tem-
perature is, in turn, a function of the laser input. We will
discuss the thermal effects shortly, but first indicate how the
preceding dynamical particle system can solved.

3.1 Iterative (implicit) solution method

Following the basic framework in Zohdi [107–116], we write
Eq. 3.3 in a slightly more streamlined form for particle i

rL+1
i = rL

i + vL
i �t + φ(�t)2

mi

×
(
φ(�

tot,L+1
i ) + (1 − φ)(� tot,L)

)
, (3.4)

which leads to a coupled set equations for i = 1, 2 . . . Np par-
ticles, where the superscript L is a time interval counter. The
set of equations represented by Eq. 3.4 can be solved recur-
sively. Equation 3.4 can be solved recursively by recasting
the relation as

rL+1,K
i = rL

i + vL
i �t + (φ�t)2

mi
�

tot,L+1,K−1
i

+φ(�t)2

mi
(1 − φ)�

tot,L
i , (3.5)

which is of the form

rL+1,K
i = G(rL+1,K−1

i ) + Ri , (3.6)

where K = 1, 2, 3, . . . is the index of iteration within time
step L + 1 and

• �
tot,L+1,K−1
i

def= �
tot,L+1,K−1
i (rL+1,K−1

1 , rL+1,K−1
2 . . .

rL+1,K−1
N ),

• �
tot,L
i

def= �
tot,L
i (rL

1 , rL
2 . . . rL

N ),

• G(rL+1,K−1
i ) = (φ�t)2

mi
�

tot,L+1,K−1
i and

• Ri = rL
i + vL

i �t + φ(�t)2

mi
(1 − φ)�

tot,L
i .

The term Ri is a remainder term that does not depend on
the solution. The convergence of such a scheme is dependent
on the behavior of G. Namely, a sufficient condition for con-
vergence is that G is a contraction mapping for all rL+1,K

i ,
K = 1, 2, 3 . . .. In order to investigate this further, we define
the iteration error as

�
L+1,K
i

def= rL+1,K
i − rL+1

i . (3.7)

A necessary restriction for convergence is iterative self con-
sistency, i.e. the “exact” (discretized) solution must be rep-
resented by the scheme, rL+1

i = G(rL+1
i ) + Ri . Enforcing

this restriction, a sufficient condition for convergence is the
existence of a contraction mapping

|| rL+1,K
i − rL+1

i︸ ︷︷ ︸
�

L+1,K
i

|| = ||G(rL+1,K−1
i ) − G(rL+1

i )||

≤ ηL+1,K ||rL+1,K−1
i − rL+1

i ||, (3.8)
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where, if 0 ≤ ηL+1,K < 1 for each iteration K , then
�

L+1,K
i → 0 for any arbitrary starting value rL+1,K=0

i , as
K → ∞, which is a contraction condition that is sufficient,
but not necessary, for convergence. The convergence of Eq.

3.5 is scaled by η ∝ (φ�t)2

mi
. Therefore, we see that the con-

traction constant of G is:

• directly dependent on the magnitude of the interaction
forces (||�||),

• inversely proportional to the masses mi and
• directly proportional to (�t)2.

Thus, decreasing the time step size improves the conver-
gence. In order to maximize the time-step sizes (to decrease
overall computing time) and still meet an error tolerance on
the numerical solution’s accuracy, we build on an approach
originally developed for continuum thermo-chemical mul-
tifield problems (Zohdi [107]), where one assumes: (1)
ηL+1,K ≈ S(�t)p, (S is a constant) and (2) the error within
an iteration behaves according to (S(�t)p)K � L+1,0 =
� L+1,K , K = 1, 2, . . ., where � L+1,0 = rL+1,K=1 − rL

is the initial norm of the iterative (relative) error and S is
intrinsic to the system. For example, for second-order prob-
lems, due to the quadratic dependency on �t , p ≈ 2. The
objective is to meet an error tolerance in exactly a preset (the
analyst sets this) number of iterations. To this end, one writes
(S(�ttol)

p)Kd � L+1,0 = T O L , where T O L is a tolerance
and where Kd is the number of desired iterations. If the error
tolerance is not met in the desired number of iterations, the
contraction constant ηL+1,K is too large. Accordingly, one
can solve for a new smaller step size, under the assumption
that S is constant,

�ttol = �t

⎛

⎜⎜
⎝

(
T O L

� L+1,0

) 1
pKd

(
� L+1,K

� L+1,0

) 1
pK

⎞

⎟⎟
⎠

def= �t�K . (3.9)

The assumption that S is constant is not critical, since the time
steps are to be recursively refined and unrefined throughout
the simulation. Clearly, the expression in Eq. 3.9 can also be
used for time step enlargement, if convergence is met in less
than Kd iterations (typically chosen to be between five to ten
iterations).

3.2 Algorithm

The solution steps are, within a time-step:

• (1): Start a global fixed iteration (set i = 1 (particle
counter) and K = 0 (iteration counter))

• (2): If i > Np then go to (4)

• (3): If i ≤ Np then:

(a) Compute the position rL+1,K
i

(b) Go to (2) for the next particle (i = i + 1)

• (4): Measure error (normalized) quantities

(a) �K
def=

∑Np
i=1 ||rL+1,K

i − rL+1,K−1
i ||

∑Np
i=1 ||rL+1,K

i − rL
i ||

(b) ZK
def= �K

T O Lr

(c) �K
def=

⎛

⎝
( T O L

�0
)

1
pKd

(�K
�0

)
1

pK

⎞

⎠

• (5): If the tolerance is met: ZK ≤ 1 and K < Kd then

(a) Increment time: t = t + �t
(b) Construct the next time step: (�t)new = �K (�t)old ,
(c) Select the minimum size: �t = MIN((�t)lim,

(�t)new) and go to (1)

• (6): If the tolerance is not met: ZK > 1 and K < Kd

then

(a) Update the iteration counter: K = K + 1
(b) Reset the particle counter: i = 1
(c) Go to (2)

• (7): If the tolerance is not met (ZK > 1) and K = Kd

then

(a) Construct a new time step: (�t)new = �K (�t)old

(b) Restart at time t and go to (1)

Time-step size adaptivity is critical, since the system’s
dynamics and configuration can dramatically change over
the course of time, possibly requiring quite different time
step sizes to control the iterative error. However, to main-
tain the accuracy of the time-stepping scheme, one must
respect an upper bound dictated by the discretization error,
i.e., �t ≤ �t lim . Note that in step (5), �K may enlarge the
time-step if the error is lower than the preset tolerance. The
algorithm will be modified shortly to account for coupled
thermal effects. As mentioned, the parameters, such as K pi j

can be thermally dependent since the particles can thermally
soften. For example, the compliance constant for the particles
in the contact law can be written as:

K pi = MAX

(

K pio

(

e
−ai

θi
θ∗
i

−1
)

, K lim
pi

)

, (3.10)

and for particle j

K pj = MAX

(

K pjo

(

e
−a j

θ j
θ∗

j
−1

)

, K lim
pj

)

, (3.11)
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and take the average at the interface and the value in the
contact law:

K pi j = 1

2

(
K pi + K pj

)
. (3.12)

There is a multitude of possible representations, and it is
relatively easy to select one or the other, and to embed in the
staggering framework developed.

4 Thermal fields

4.1 Heat-transfer model

We assume that (infrared) radiative, convective and strain-
rate effects are negligible for the particle’s thermodynam-
ics. Only laser-input heating and conduction are considered
important. Thus, for each particle i = 1, 2, . . . Np,

mi Ci θ̇i = Qi + Hi , (4.1)

where Qi represents the conductive contribution from sur-
rounding particles in contact (including walls), and Hi rep-
resents the external heating term. It is assumed that the tem-
perature fields are uniform within the (small) particles. This
assumption is justified, i.e. a lumped thermal model, ignoring
temperature gradients and assuming a uniform temperature
within a particle, when the Biot number is small. The Biot
number for spheres scales with the ratio of the particle volume

(V ) to the particle surface area (As), V
As

= 4
3 π R3

4π R2 = R
3 , which

indicates that a uniform temperature distribution is appropri-
ate, since the particles, by definition, are small. Assuming
that the fields are uniform in each particle allows for the fol-
lowing (for particle i)

Q = −
∫

∂ω

Q · n d A ≈
Npc∑

j=1

IKi j
θ j − θi

||ri − r j || Ac
i j , (4.2)

where the summation extends over all particles j =
1, 2, 3 . . . Npc that are in contact with particle i (Fig. 4).4

This yields

mi Ci
dθi

dt
=

Npc∑

j=1

IKi j
θ j − θi

||ri − r j || Ac
i j

︸ ︷︷ ︸
Qi

+Hi , (4.3)

4 IKi j can be approximated by an average interfacial value of the i −
j pair, IKi j ≈ IKi +IK j

2 . If the materials are the same, this collapses
to simply IK . As for the mechanical contact, Ac

i j is the contact area
associated with the particle pair (i j).

Q

Q

Q

Q
4

3

i

1

2

Fig. 4 Heat flux exchange for a particle induced by neighboring par-
ticles in contact

where the specific form of laser-induced heating is

Hi ≈ ai Ii Vi , (4.4)

where aIi is the absorbed laser-input for particle i and 0 ≤
ai ≤ 1 is an absorption constant. More remarks on laser-input
will be given next.

4.2 Lasers-various levels of description

There are varying degrees of sophistication for modeling the
heat input from a laser, for example:

• Method 1-A very rough overall energy balance whereby
the total energy input W tot (given by integrating the
power output from the laser) and performing an energy
balance

MC�θ = W tot ⇒ �θ = W tot

MC
(4.5)

where the total mass is M = ∑N
i=1 mi and C is the heat

capacity. This provides no information about conductive
losses, the distribution of the heat, etc. It simply gives a
rough estimate of the overall effects of laser power input.

• Method 2-Ultilization of the Beer-Lambert law, whereby
one performs an overall power balance (Fig. 5):

(I + �I ) − I + L�z = 0 ⇒ d I

dz
=≈ −aI, (4.6)

where aI is the absorbed irradiance (per unit area) from
the laser and z is the penetration depth, which is solved
to yield

I (z) = Ioe−az . (4.7)
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Fig. 5 Representations of laser penetration based on modification (right) of the classical Beer–Lambert relation (left)

One can modify this relation to account for a parti-
cle at depth z from particle interference from above
the particle in question by determining the intersections
with particles above particle at depth z, for example,
z∗ = ∑N

i=1 �zi and modifying the Beer-Lambert rela-
tion to read

I (z) = Ioe−az∗
. (4.8)

• Method 3-Discretization of the irradiant beam into rays
and performing a full-blown ray-tracking scheme (see
Zohdi [103–106]).

• Method 4-Discretization of the beam into it’s electro-
magnetic field components via Maxwell’s equations (see
Zohdi [112,113]).

Method 1 is rather simplistic, and can be used more as a
rough semianalytical guide to laser input selection. Meth-
ods 3 and 4 provide extremely detailed field information at
the smallest scales. They are extraordinarily computationally
expensive, and for the applications in this work, unwarranted.
This leaves Method 2, which we will employ for the remain-
der of the work. In such an approach, one can easily introduce
nonuniform beam profiles, for example

I (d) = I (d = 0)e−bd , (4.9)

where d is the distance from the center of the incident beam
line. In the case of b = 0 we recapture a flat beam, I (d) =
I (d = 0).

4.3 Numerical integration

Integrating the energy equation yields, for each particle (i =
1, 2, . . . , Np) yields

θi (t + �t) = θi (t) + 1

mi Ci

⎛

⎝
t+�t∫

t

Qi dt +
t+�t∫

t

Hi dt

⎞

⎠

(4.10)

≈ θi (t) + �t

mi Ci
(φ(Qi (t + �t) + Hi (t + �t))

+(1 − φ)(Qi (t) + Hi (t)))

We note that Eq. 4.10 represents a coupled system of the gen-
eral form (similar to the equation that arises for the particle
dynamics)

θi (t + �t) = Gi (θi (t + �t)) + Ri , (4.11)

where for the “remainder” term, Ri 	= Ri (θi (t + �t)), and
where Gi ’s behavior is controlled by the magnitude of �t .
Clearly, the temperature is coupled to the mechanical behav-
ior of the system. Shortly, we develop a multiphysical stag-
gering scheme to solve the overall system.

5 Total system coupling: multiphysical staggering
scheme

We now extend the iterative solution process introduced ear-
lier for the particle dynamics to a multifield setting by (at a
given time increment): (1) solving each field equation indi-
vidually, “freezing” the other (coupled) fields in the system,
allowing only the primary field to be active and (2) updat-
ing the primary field variable after the solution of each field
equation. The next field equation is treated in a similar man-
ner where, as the physics changes, the field that is most
sensitive (exhibits the largest amount of relative nondimen-
sional change) dictates the time-step size. This is an implicit,
staggered, adaptive time-stepping scheme. Such approaches
have a long history in the computational mechanics commu-
nity. For example, Zienkiewicz [99], Zienkiewicz et al. [100],
Lewis et al. [57], Lewis and Schrefler [56], Park and Felippa
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[71], Farhat et al. [29], Farhat and Lesoinne [30], Farhat et
al. [31], Piperno [72], Piperno et al. [73], Piperno and Farhat
[74] and Michopoulos et al. [61], Lesoinne and Farhat [53]
and Le Tallec and Muoro [54].

5.1 A general iterative framework

The staggering scheme introduced earlier utilizes approaches
found in Zohdi [107–116] and proceeds by considering an
abstract setting, whereby one solves for the particle positions,
assuming the thermal fields fixed,

A1(rL+1,K , θ L+1,K−1) = F1(rL+1,K−1, θ L+1,K−1), (5.1)

then one solves for the thermal fields, assuming the particle
positions fixed,

A2(rL+1,K , θ L+1,K ) = F2(rL+1,K , θ L+1,K−1), (5.2)

where only the underlined variable is “active”, L indicates
the time step and K indicates the iteration counter. Within
the staggering scheme, implicit time-stepping methods, with
time step size adaptivity, will be used throughout the upcom-
ing analysis. We define the normalized errors within each
time step, for the two fields,

�r K
def= ||rL+1,K − rL+1,K−1||

||rL+1,K − rL || and

�θ K
def= ||θ L+1,K − θ L+1,K−1||

||θ L+1,K − θ L || . (5.3)

We define maximum “violation ratio”, i.e. as the larger of
the ratios of each field variable’s error to its corresponding

tolerance, by ZK
def= MAX(zr K , zθ K ), where

zr K
def= �r K

T O Lr
and zθ K

def= �θ K

T O Lθ

, (5.4)

with the minimum scaling factor defined as�K
def= MIN(�r K ,

�θ K ), where

�r K
def=

⎛

⎝
(

T O Lr
�r0

) 1
pKd

(
�r K
�r0

) 1
pK

⎞

⎠ , �θ K
def=

⎛

⎝
(

T O Lθ
�θ0

) 1
pKd

(
�θ K
�θ0

) 1
pK

⎞

⎠

(5.5)

5.2 Overall solution algorithm

The algorithm is as follows:

(1) GLOBAL FIXED − POINT ITERATION :
(SET i = 1 AND K = 0) :

(2) IF i > Np THEN GO TO (4)

(3) IF i ≤ Np THEN : (FOR PARTICLE i)
(a) COMPUTE POSITION :rL+1,K

i
(b) COMPUTE TEMPERATURE :θ L+1,K

i
(c) GO TO (2) AND NEXT PARTICLE (i = i + 1)

(4) ERROR MEASURES(normalized) :
(a)�r K

def=
∑Np

i=1 ||rL+1,K
i − rL+1,K−1

i ||
∑Np

i=1 ||rL+1,K
i − rL

i ||
�θ K

def=
∑Np

i=1 ||θ L+1,K
i − θ

L+1,K−1
i ||

∑Np
i=1 ||θ L+1,K

i − θ L
i ||

(b)Z K
def= MAX(zr K , zθ K ) where

zr K
def= �r K

T O Lr
, zθ K

def= �θ K

T O Lθ

(c)�K
def= MIN(�r K ,�θ K ) where

�r K
def=

⎛

⎝
( T O Lr

�r0
)

1
pKd

(�r K
�r0

)
1

pK

⎞

⎠,

�θ K
def=

⎛

⎝
( T O Lθ

�θ0
)

1
pKd

(
�θ K
�θ0

)
1

pK

⎞

⎠

(5)IF TOL. NOT MET (Z K > 1) AND K < Kd REPEAT
ITERATION (K = K + 1)

(6) IF TOL. MET (Z K ≤ 1) AND K < Kd THEN :
(a) INCREMENT TIME : t = t + �t
(b) CONSTRUCT NEW TIME STEP : �t = �K �t,
(c) SELECT MINIMUM :�t = MIN(�t lim ,�t)
(d) UPDATE LASER FIELD Ii (FOR ALL PARTICLES

ITERATIVELY)

(e) AND GO TO (1)

(7) IF TOL. NOT MET (Z K > 1) AND K = Kd THEN :
(a) CONSTRUCT NEW TIME STEP :�t = �K �t
(b) UPDATE LASER FIELD Ii (FOR ALL PARTICLES

ITERATIVELY)

(c) RESTART AT TIME = t AND GO TO (1)

(5.6)

The overall goal is to deliver solutions where staggering
(incomplete coupling) error is controlled and the temporal
discretization accuracy dictates the upper limits on the time
step size (�t lim).

5.3 Interaction lists

There are a variety of options for simulation speed up involv-
ing particle calculations. For example, one can construct a so-
called interaction list of neighboring particles within a radius
of influence with which a specific particles interacts for a few
time steps. As the overall system configuration changes, one
can periodically update the lists (see Pöschel and Schwager
[75]). For example, this dramatically reduces the computa-
tion time used in contact search, which is an N 2 operation.
In this paper, we adopt the following process:
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REFINE TIME−STEP

UPDATE MECHANICAL FIELD

UPDATE THERMAL FIELD

CHECK FOR CONVERGENCE

YES: GO TO NEXT TIME STEP

(ASSUME PARTICLE POSITIONS ARE FIXED)

THERMAL FIELD: SOLVE FOR THE PARTICLE TEMPERATURES

UPDATE ALL STATE VARIABLES AND COMPUTE ERROR METRICS

MECHANICAL FIELD: SOLVE PARTICLE DYNAMICS AND CONTACT

(ASSUME THERMAL STATES ARE FIXED)

NO ITERATION LIMIT MET? 

NO

YES
ITERATION

AND RESTART

Fig. 6 A flow chart for the modular, staggered, computation

• An initial full-blown contact search is initiated at the
beginning of the simulation to generate an interaction
list of nearest neighbors for each particle,

• The interaction lists are used for all inter-particle calcula-
tions for a select subinterval of the total simulation time,
0 ≤ �T ≤ T and

• After a select subinterval of the total simulation time
(�T ) the interaction lists are updated for each particle.

Interaction lists were used throughout the upcoming simu-
lations, with the results being tested against direct computa-
tion (no interaction truncation) in order to determine appro-
priate parameter settings for the truncation radius and the
frequency of list updating. The upcoming simulation results
were insensitive to the truncations and are on the order of 50–
100 times faster than direct computation. Finally, we remark
that one can also employ Domain Decomposition techniques
whereby the domain is partitioned into subdomains, the par-
ticles within each subdomain are sent to a processor and
stepped forward in time, but with the positions of the par-
ticles outside of the subdomain fixed (relative to the parti-
cles in that subdomain). This is done for all of the subdo-
mains separately, then the position of all of the particles are
updated and this information is shared between processors,
with the procedure being repeated as needed. It is impor-
tant to note that a significant acceleration in the computation
can be achieved via sorting and binning methods, which pro-
ceed by partitioning the whole domain into bins. The parti-
cles are sorted by the bins in which they reside. The particle
interaction proceeds, bin by bin, where the particles within
a bin potentially only interact with particles in other near-
est neighbor bins. Essentially, for a given particle in a bin,

contact searches are conducted with particles in the neigh-
boring bins only. The approach is relatively straightforward
to implement and can speed up the computation significantly
(see Zohdi [111,116]). There are a variety of related tech-
niques to further accelerate computations. For example, one
can assume that particles stay in the bins for a few time steps,
and that one does not need to re-sort immediately. This can
be also used in conjunction with interaction lists, although
this was not done in this work (Fig. 6).

6 Numerical examples

We consider a model problem of a droplet of equally-sized
particles (Fig. 7) to illustrate how to assemble the system. The
absolute dimensions are unimportant for the model problem,
and have been normalized so that the initial droplet diame-
ter was on the order of unity.5 In order to generate an initial
particle configuration, we randomly dispersed Np = 2, 000
non-overlapping particles within a spherical domain, then
dropped onto a large surface. The configuration of the sam-
ple, before it was dropped, was generated using a classical
random sequential addition (RSA) algorithm (Widom [96]),
which places non-overlapping particles randomly into the
domain of interest. One could start with a denser starting
configuration by using equilibrium-driven Metropolis algo-
rithm or alternative methods based on simultaneous particle
flow and growth (see Kansaal et. al [49], Donev et. al [21–23]
and Torquato [89]), although this was not necessary for this

5 All system parameters can be scaled to describe any specific system
of interest. They were selected simply for illustration purposes.
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Fig. 7 Scenario 1: left to right and top to bottom, a sequence of frames for deposition of particles without laser input

example. As an example, the relevant simulation parameters
chosen were (in SI-units if not explicitly stated):

• the particle radii, Ri = 0.05 m,
• The normal contact parameter was K po = 107 N/m2,

with thermal softening K p = MAX(K po

(
e−a θ

θ∗ −1
)

,

K lim
p ), where θ∗ = 500o K elvin, K lim

p = 106 N/m2

and the exponent in the contact law was set to pp = 2,

• The stiffness of the wall in contact law, Kwo =
109 N/m2, with thermal softening Kw = MAX(Kwo(

e−a θ
θ∗

)
, K lim

w ), where θ∗ = 500o K elvin, K lim
p =

108 N/m2 and the exponent in the contact law was set
to pw = 2,

• The contact damping parameter, ccd = 105,
• The friction contact parameter K f = 107,
• The coefficient of static friction, μs = 0.4,
• The coefficient of dynamic friction, μd = 0.3,
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Fig. 8 Scenario 2: left to right and top to bottom, a sequence of frames for deposition of particles with laser input

• The normal bond parameter, K nb = 106 N/m2 and the
exponent in the binding law was set to pb = 2,

• The rotational bond parameter, K rb = 103,
• The nearfield parameters, ᾱ1 = 0.5, β1 = 1, ᾱ2 = 0.01,

β2 = 2, where the ᾱ is per unit mass,
• The effective charge of the particles was q̄ = 1 (per unit

mass), the electric field was Eext = (−10, 0, 0), the mag-
netic field was Bext = (0, 0, 0) and the magnetization
parameter was γ = 0,

• The interstitial damping coefficient ce = 1 (assumed
Stokesian-like),

• The density of the particles, ρ = 2000kg/m3,
• The heating absorption coefficient, a = 0.5,
• The conductivity IK = 100 Watts/m − K elvin,
• The initial material temperature, θi (t = 0) = 300o

K elvin,
• The wall temperature, θw(t = 0) = 500o K elvin,
• The heat capacity, C = 100 J/kg − K elvin,
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Fig. 9 The temperatures for scenario 1 (no laser input) and scenario 2 (with selective laser input)

• The target number of fixed point iterations, Kd = 10,
• The trapezoidal time-stepping parameter, φ = 0.5,
• The simulation duration, 2 s,
• The initial time step size, 0.00025 s,
• The time step upper bound, 0.00025 s and
• The tolerance for the fixed-point iteration, 5 × 10−4.

To illustrate the results of the computational framework,
two examples were considered:

• Scenario 1: The droplet is dropped onto a slightly heated
lower surface (by gravity with an initial uniform down-
ward velocity), and allowed to freely spread/deform
according to its interaction with the surface, as shown
in the Fig. 7, the temperature values are depicted by the
colors. The overall temperature is shown in Fig. 9. The
temperatures rise very slightly, since the contact dura-
tion time is a fraction of a second, which does not allow
enough time for significant conduction to occur (as well
as because of the small individual contact areas between
the particles and the surface).

• Scenario 2: The droplet is dropped onto a slightly heated
lower surface (as in scenario 1, by gravity with an ini-
tial uniform downward velocity), and allowed to freely
spread/deform according to its interaction with the sur-
face. However, after waiting a period for the droplet to
settle, a laser source is initiated (at one-quarter of the
simulation time), moving back and forth in a linear man-
ner, as shown in the Fig. 8, the temperature values are
depicted by the colors. The overall temperature is shown
in Fig. 9. The temperatures rise significantly, due to the
input of the laser.

It is important to note that this framework can also handle
depositions that are comprised of multiple particle types, as
well as particles with a fluid (solvent) binder (Fig. 10). This
simply requires a state variable, per particle, which indicates

Fig. 10 A multiphase droplet representation which can be used for
depositions that are comprised of multiple particle types, as well as
particles with a fluid (solvent) binder

what type of particle it is, and the types of interaction rules
with various other types of particles. Otherwise, the frame-
work is identical. We remark that there are several appli-
cations where the deposition is particle-functionalized ink (a
collection of particles with a solvent binder). This is common
in industrial “additive” processes such as inkjet and electro-
hydrodynamic printing, which do not allow precise control
over the structure of the printed lines, and often results in lines
with scalloped edges or non-uniform width, thus offering lim-
ited control over the height of the printed features (Ridley et
al. [79], Huang et al. [45], Sirringhaus et al. [84], Ahmad et
al. [1], Samarasinghe et al. [82] and Wang et al. [90]). Also,
recently, imprint lithography has been proposed as a means of
decreasing the feature size of patterned particles while allow-
ing more precise control over the structure of the printed lines
(Park et al. [69], Ko et al. [50,51] and Park et al. [70]). In this
fabrication method, the particle-laden inks are patterned by
pressing with an elastomer mold and the particles are dried
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into their final configuration. While the resolution of imprint
lithography is improved over inkjet printing, there exists a
residual layer on the substrate that must be etched away after
patterning. Control over the height of features can be cor-
rupted by capillary action between the mold and the drying
ink, in particular along the length of longer features. Thus,
as a possible alternative to imprint lithography, particle self-
assembly methods, based on capillary filling of photoresist
templates have been proposed (Demko et al. [17]), and appear
to be promising. Clearly, selective laser post-processing can
play a role in all of the previously mentioned approaches,
in order to add a degree of precision that is otherwise
missing.

7 Closing

This work developed a modular framework for the deposition
of particulate materials and selective laser heating, using a
direct particle representation in conjunction with a staggering
scheme to couple submodels of each type of physics together.
The physics of this system are strongly coupled since the
dynamics controls which particles are in contact, which also
dictates the contacts, which in turn controls the conductive
heating and the induced thermal fields, which softens and
binds the material. The strongly coupled system was solved
iteratively within each time-step using a staggering scheme
which employs temporal adaptivity to control the error. The
submodular approach allows for easy replacement of models,
if so desired. Numerical examples were provided. There are
a number of enhancements that can be made, for example,
complete melting and vaporization of the material. However,
this requires modifications of the existing framework. Specif-
ically, the state of phase-transformed particles (for example
from a solid to a liquid) would need to be tracked accord-
ing to whether they are currently solid, melted or vaporized,
and whether they are in the process of transitioning from
one state to the other, since the latent heats of melting and
vaporization affect the heat transfer (see Appendix). Appli-
cations where melting is important include densification of
deposited particulate materials (Fig. 11), whereby the top
layer of the material is melted, allowing the liquid mater-
ial to seep into the voids between the particles underneath.
Applications where vaporization is important include cut-
ting groves, trenches, etc, in the deposited material. There
are many possibilities for modeling the melted or vaporized
state of a particle into a liquid. For example, one approach
is to break the original particle into smaller particles gov-
erned by different interaction rules (Fig. 10).The approach
would be the same for the vaporization into a gas. This is
computationally expensive, but would offer simulations that
are quite realistic. A simpler, ad hoc approach is to assign
a solid particle which has become melted a different set of

LASER

PENETRATION

SURFACE MELT

Fig. 11 Melting of a deposited material top layer and subsequent den-
sification of the lower layer by allowing the liquid to seep into the voids
in between the particles below

properties, such as a reduced stiffness, loss of bonds with sur-
rounding particles, etc. An alternative approach is to treat the
phase transformed material as a continuum, and to then simu-
late a hybrid discrete particle surrounding continuum model.
These techniques are currently under investigation by the
author.

Generally, the deposition of particles to build or enhance
components is a subclass of additive manufacturing, which in
turn is a subfield of advanced manufacturing. Broadly speak-
ing, advanced manufacturing of materials is frequently cited
as a blend of techniques from various fields. The “green-
ness” of an overall process is often considered as a criterion
for the approach to be judged as competitive (Dornfeld and
Wright [26], Allwood [4], Reich-Weiser et al. [78] and Rosen
et al. [81]). The true green-ness of a combination of tech-
niques which, individually, may be safe and sustainable, is
unclear. Take for example, laser ablation of rare earth materi-
als, functionalized inks laden with small-scale particles, etc.,
which, if done in mass, can produce a highly toxic envi-
ronment in a non-vacuum processing area. Thus, ablation
is of particular interest, due to the potential for dangerous
ejecta for large-scale processes. For example, thermal or pho-
tothermal ablation usually refers to laser light conversion to
lattice vibration before breaking of bonds liberate atomic-
scale material, while photochemical/electronic ablation is
a direct electronically-induced vibration. Hydrodynamical
ablation refers to micrometer droplets following from the
molten phase, whereas exfoliation is an erosive mechanism
by which material is removed as flakes. Note that all of the
mechanisms can occur simultaneously. We refer the reader to
the state-of-the-art in Grigoropoulos [38], which categorizes
various mechanisms for ablation. In order to determine the
realistic contribution of parameters for specific applications,
an order-of-magnitude analysis would clearly be useful, and
is currently under way by the author.
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8 Appendix 1: Contact area parameter and alternative
models

8.1 Contact area parameter

Following Zohdi [116], and referring to Fig. 12, one can solve
for an approximation of the common contact radius ai j (and
the contact area, Ac

i j = πa2
i j ) by solving the following three

equations,

a2
i j + L2

i = R2
i , (8.1)

and

a2
i j + L2

j = R2
j , (8.2)

and

Li + L j = ||ri − r j ||, (8.3)

where Ri is the radius of particle i , R j is the radius of par-
ticle j , Li is the distance from the center of particle i and
the common contact interpenetration line and L j is the dis-
tance from the center of particle j and the common contact
interpenetration line, where the extent of interpenetration is

δi j = Ri + R j − ||ri − r j ||. (8.4)

The above equations yield an expression ai j , which yields an
expression for the contact area parameter

Ac
i j = πa2

i j = π(R2
i − L2

i ), (8.5)

PARTICLE j

2a ij

Ri

Rj

PARAMETER
CONTACT AREA

j

iL

L

PARTICLE i

Fig. 12 An approximation of the contact area parameter for two par-
ticles in contact (Zohdi [116])

where

Li = 1

2

(

||ri − r j || − R2
j − R2

i

||ri − r j ||

)

. (8.6)

8.2 Aternative models

One could easily construct more elaborate relations connect-
ing the relative proximity of the particles and other metrics to
the contact force,�con,n

i j ∝ F(ri , r j , ni j , Ri , R j , . . .), build-
ing on, for example, Hertzian contact models. This poses no
difficulty in the direct numerical method developed. For the
remainder of the analysis, we shall use the deformation metric
in Eq. 2.8. For detailed treatments, see Wellman et al. [91–95]
and Avci and Wriggers [6]. We note that with the appropri-
ate definition of parameters, one can recover Hertz, Bradley,
Johnson–Kendel–Roberts, Derjaguin–Muller–Toporov con-
tact models. For example, Hertzian contact is widely used,
with the assumptions being

• frictionless, continuous, surfaces,
• each of contacting bodies are elastic half-spaces, whereby

the contact area dimensions are smaller radii of the bodies
and,

• the bodies remain elastic (infinitesimal strains),

results in the following contact force:

�
con,n
i j = 4

3
(R∗)1/2 E∗δ3/2

i j , (8.7)

which has the general form of �con,n = K ∗
i jδ

p
i j , where

• R∗ =
(

1
Ri

+ 1
R j

)−1
and

• E∗ =
(

1−ν2
i

Ei
+ 1−ν2

j
E j

)−1

,

where E is the Young’s modulus and ν is the Poisson ratio,
The contact area with such a model has already been incor-
porated in the relation above, and is equal to Ac

i j = πa2

where a = √
R∗δi j . For more details, we refer the reader to

Johnson [48]. Furthermore, we remark that the normal con-
tact between a particle and a wall, with a Hertzian model is
given by

�
wall,n
i = 4

3
(R∗)1/2 E∗δ3/2

iw = K ∗
iwδ

p
iw, (8.8)

where R j = Rw = ∞ (see Eq. 8.7)

• R∗ = Ri and

• E∗ =
(

1−ν2
i

Ei
+ 1−ν2

j
E j

)−1

.
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It is obvious that for a deeper understanding of the defor-
mation within a particle, it must be treated as a deformable
continuum, which would require a highly-resolved spatial
discretization, for example using the finite element method
for the contacting bodies. This requires a large computational
effort. For the state of the art in finite element methods and
Contact Mechanics, see the books of Wriggers [97,98]. For
work specifically focusing on the continuum mechanics of
particles, see Zohdi and Wriggers [111].

9 Appendix 2: Phase transformations

To include phase transformations, we consider seven cases,
which are implemented in a predictor-corrector manner by
first solving

mi Ci θ̇i = Qi + Hi (9.1)

to obtain predicted temperature, and then checking the fol-
lowing:

• Solid → solid-no melting with Ci = CS : If θ(t) < θm

and θ(t +�t) < θm then retain Eq. 9.1 with C(θ) = CS ,
• Solid → liquid-melting with Ci = CS : If θ(t) < θm

and θ(t + �t) ≥ θm then re-solve Eq. 9.1 with C(θ) =
CS + δP S→L

δθ
,

• Liquid → liquid-melted with Ci = CL : If θ(t) ≥ θm and
θ(t + �t) ≥ θm then retain Eq. 9.1 with C(θ) = CL ,

• Liquid→ solid-solidification with Ci = CL : If θ(t) ≥ θm

and θ(t + �t) < θm then re-solve Eq. 9.1 with C(θ) =
CL + δP L→S

δθ
,

• Liquid → vapor-vaporization with Ci = CL : If θ(t) <

θv and θ(t +�t) ≥ θv then re-solve Eq. 9.1 with C(θ) =
CL + δP L→V

δθ
,

• Vapor → vapor-remains a vapor with Ci = CV : If θ(t) ≥
θv and θ(t + �t) ≥ θv then retain Eq. 9.1 with C(θ) =
CV ,

• Vapor → liquid-condensation with Ci = Cv: If θ(t) ≥ θv

and θ(t + �t) < θv then re-solve Eq. 9.1 with C(θ) =
CV + δPV →L

δθ
,

where CS is the heat capacity of the solid, CL is the heat
capacity of the liquid and CV is the heat capacity of the
vapor and

• 0 < δP S→L is the latent heat of melting,
• 0 < δPL→S is the latent heat of solidification,
• 0 < δPL→V is the latent heat of vaporization,
• 0 < δPV →L is the latent heat of condensation and

• 0 < δθ is small and can be thought of as a “bandwidth”
for a phase transformation. For more details on melting
processes, see Davis [15].

We note that latent heats have a tendency to resist the phase
transformations, achieved by adding the positive terms in the
denominator, thus enforcing reduced temperature (during the
phase transformation).6 This approach is relatively straight-
forward to include within the staggering framework. As a
consequence, the number of particles in the system and their
heat capacities will also change in the algorithm, and Eq.
4.10 becomes

θi (t + �t) = θi (t) + 1

mi Ci

⎛

⎝
t+�t∫

t

Qi dt +
t+�t∫

t

Hi dt

⎞

⎠

≈ θi (t) + �t
(
φ(QK

i (t + �t) + HK
i (t + �t))

)

mi C K
i (t + �t)

+�t (φ(Qi (t) + Hi (t)))

mi Ci (t)
. (9.2)

The subsequent convergence of the thermal calculation is
rather quick, since the time steps are extremely small.
For more details on convergence on iterative time-stepping
schemes, see Zohdi [107–116].
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