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Abstract There are many emerging manufacturing pro-
cesses whereby surface structures are processed by spatially
laser patterning of an entire feature at a time, as opposed
to rastering a small beam. It is important to ascertain and
ideally control the induced thermal fields underneath the
pattern. This paper develops a computational framework to
rapidly evaluate the induced thermal fields due to application
of a laser on the surface. The aggregate thermal fields are
efficiently computed by superposing individual “beamlet”
heat-kernel solutions, based on Green’s functions, to form
complex surface patterns. The utility of the approach is that
laser-process designers can efficiently compute the results
of selecting various system parameters, such as spatially-
variable laser intensity within a pattern. This allows one to
rapidly compute systemparameter studies needed in theman-
ufacturing of new products. Included are:

• A computational framework to compute the time-trans-
ient thermal response from a spatio-temporally non-
uniform laser beam in an arbitrary spatial pattern and

• An analysis of how the results can be used to track the
evolution of the thermal gradients and their correlation
to thermal stresses.

Three-dimensional examples are provided to illustrate the
technique. The utility of the approach is that an analyst can
efficiently ascertain a large number of laser-input scenar-
ios without resorting to computationally-intensive numerical
procedures, such the Finite Element Method.

B T. I. Zohdi
zohdi@me.berkeley.edu

1 Department of Mechanical Engineering, University of
California, Berkeley, CA 94720-1740, USA

Keywords Laser · heat-transfer · manufacturing

1 Introduction

The dramatic increase in computational power for mathe-
matical modeling and simulation opens the possibility that
scientific computing can play a significant role in the analysis
of many emerging complex manufacturing processes involv-
ing lasers.However, for this goal to be realized computational
tools need to be developed which can allow engineers and
scientists to quickly design and analyze newmultistage man-
ufacturing processes by testing hundreds, if not thousands, of
scenarios. Inmany cases, thesemanufacturing processesmay
involve laser processing of the material in targeted regions,
in order to process materials in ways that are very difficult
or impossible with classical manufacturing methods. Laser
processing, which utilizes high-intensity beams to heat the
material to desired temperatures either to subsequently bond,
soften, sinter, melt or ablate (Fig. 1), in a very targeted man-
ner. Laser-based heating is quite attractive because of the
degree of precision that it allows. Specifically, because of
the monochromatic and collimated nature of lasers, they are
an attractive, highly-controllable, way to process materials.
The range of power of a typical industrial laser is relatively
wide, ranging from approximately 100–100000W, thus pro-
viding wide latitude in their use.

1.1 Objectives of this paper

One concern of manufacturers is the evolution of thermal
response of a materials and the subsequent thermal stresses,
and possible defects generated by imprecisely controlled heat
affected zones, brought on by miscalibration of the laser
power needed. For example, due to the rise of one particular
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Fig. 1 Left: Fundamental building block, the point heat-load. Right: Building a “feature” from point heat-loads

branch of additive manufacturing, printed flexible electron-
ics, involving sensitive substrates, it has become important to
precisely understandhowmuch laser-input is needed. etritFor
example, one possible remedy for this is to spatially “shape”
the laser according to the geometry of the target zone. Thus,
in order for emerging manufacturing approaches to succeed,
one must draw upon rigorous theory and computation to
guide and simultaneously develop design rules for upscaling
to industrial manufacturing levels. Commercial applications
include sectors of aerospace, shipping, transportation, rail,
automobile and medical and technology areas associated
with engine parts, structural parts, mechanical or electrical
parts, medical prosthetics, tooth implants. This motivates the
present analysis.

A general overall objective is to develop laser-based sys-
tems with adaptive cross-sectional beam shaping control to
be used within advanced manufacturing processes. Laser
processes where an entire feature is processed are often
referred to as “flash processes”. In theory, these processes
are advantageous since one can control the spatio-temporal
distribution of the laser power over the target, as opposed
to a small beam that rasters back and forth over the target
zone. This control would also allow one to manage thermal
stresses more effectively. However, such proposed processes
are new, and some analysis and calibration is needed. In
particular, is important to ascertain and ideally control the
induced thermal fields under a feature pattern. Accordingly,
this paper develops a computational framework to rapidly
evaluate the induced thermal fields due to multiple, simulta-
neous, surface inputs, which combine to form a “patterned
laser”. The aggregate thermal fields are efficiently computed
by superposing individual beamlet heat-kernels solutions,
based on classical Green’s functions (fundamental solutions,
Fig. 1), to form complex surface patterns. The utility of the
approach is that process designers can efficiently compute
the results of varying system parameters, such as spatio-
temporally-variable laser intensity within a pattern as well as
temporal variation. This allows one to rapidly compute sys-
tem parameter studies needed in new product development,
leaving more computationally-intensive “brute-force” cou-
pled thermo-mechanical PDE discretization, based on Finite
Element or Finite Difference methods towards the end of the
system design phase.

Fig. 2 An example to estimate the power needed to induce melting of
a feature

Remark There are a large number of multi-step manufactur-
ing processes that deposit material onto a surface in order to
build a component, which are commonly referred to as “addi-
tive” (adding material) manufacturing methods.1 In 2017,
additive manufacturing was three billion dollar industry. In
such fabrication processes it is important to ascertain the
thermal gradients, and ultimately the thermal stresses. Appli-
cations are wide-ranging, for example, optical coatings and
photonics (Nakanishi et al. [24]),MEMS applications (Fuller
et al. [12] and Samarasinghe et al. [28]) and even biomed-
ical devices (Ahmad et al. [1]). There are a wide variety of
additive-like processes and we refer the reader to Gamota et
al. [13], Sirringhaus et al. [32], Wang et al. [33], Huang et
al. [15], Choi et al. [3–6], Demko et al. [8,9], Fathi et al.
[11], Martin [22,23] and Zohdi [41–43] for details. These
types are similar to spray coatings, and we refer the reader
to the extensive works of Sevostianov and Kachanov [29–
31], Nakamura and coworkers: Dwivedi et al. [10], Liu et al.
[20,21], Nakamura and Liu [25], Nakamura et al. [26] and
Qian et al. [27] and to Martin [22,23] for the state of the
art in deposition technologies. Oftentimes, the objective is
to produce multilayer coatings on curved surfaces (see, for
example Grekov and Kostyrko [14]). The interested reader
is referred to the recent overview article by Huang et al. [16]
on additive manufacturing.

1.2 Qualitative a priori power-input/temperature
estimates

In order to estimate the energy input needed to induce a
desired temperature, consider the total mass in the fea-

1 This is in contrast to (classical) “subtractive” processeswhich subtract
material (for example using milling) to fabricate a component.
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ture/process zone, such as the C-shaped domain in Fig. 2,
denoted as m. In order to simplify the analysis, we employ
a lumped mass model for the feature shown in Fig. 2 (the
control volume). We remark that the validity of using a
lumped thermal model, i.e. ignoring temperature gradients
and assuming a uniform temperature within a feature, dic-
tated by the magnitude of the Biot number. A small Biot
number (significantly less than unity) would indicate that
such an approximation is reasonable, which indicates that
a uniform temperature distribution is appropriate, since the
feature is considered small. It is not in most cases, but the
solution still provides qualitatively useful information. The
first law of thermodynamics reads as, assuming all energy is
trapped in the feature domain and that it is uniform:

mC θ̇ = S, (1)

where θ is the temperature in the feature, m = ρV f , V f is
the volume of the feature, C is the heat capacity and S is the
laser input (Watts). The solution to this differential equation
is

θ(t) = St

ρV f C
. (2)

Setting θ(t) = θmelt yields a simple relationship that cor-
relates the power input, feature size, heat capacity desired
temperature and processing time. This relationship ignores
conductive losses and phase-transformations (latent heats).
One can invert this to yield, for a desired temperature at a

desired time θ∗ def= θ(t = t∗):

t∗ = θ∗ρV f C

S
. (3)

One can improve this estimate by including conductive losses
to the surroundings, given by an overall energy balance (First
Law of Thermodynamics) is

θ̇ = IK Ac

mCh
(θs − θ) + S

mC
, (4)

where Ac is the area surrounding the feature where conduc-
tion takes place, θs is the average temperature surrounding the
feature and h is a length-scale for conduction (essentially a
small boundary layer thickness). For simple cases, thismodel
can be solved analytically, for example for a constant laser
input

θ(t) = θs + Sh

IK Ac

(
1 − e− IK Act

mCh

)
. (5)

The relation above is important since it provides a qualita-
tive connection between the temperature, to the laser input,
conductivity, contact area and time. For example, if one set

the desired temperature at a desired time to be θ(t∗) = θ∗
one can solve for the laser input needed

S∗ = (θ∗ − θs)IK Ac

h
(
1 − e− IK Act∗

mCh

) . (6)

We have the following observations:

• The rise time for the temperature is dictated by the ratio
of conduction to heat capacity, IK Ac

mCh .

• At steady-state, e− IK Act
mCh → 0, and

θ(t) = θs + Sh

IK Ac
, (7)

which indicates that the ratio of S to IK
h dictates the steady

state temperature.
• For a highly conductive surrounding: IK → ∞, θ(t) =

θs , where the conductive losses are instantaneous. This
will draw heat away from the targeted zone.

• For a poorly conductive surrounding: IK → 0, θ(t) =
θs + St

mC , where the conductive losses are zero. This will
trap (maximize) heat in the targeted zone.

Importantly, we can qualitatively describe the processing
time by inverting the derived relationship:

t∗ = −mCh

IK Ac
Ln

(
1 − (θ∗ − θs)

IK Ac

Sh

)
. (8)

These expressions should be considered as providing the
shortest possible times to process the target, and should
be used only as qualitative guide and a starting point for
numerical simulations. Because of the feature geometry, non-
uniform thermal gradients, etc, the actual time is typically
much greater, thus motivating the more advanced procedure
outlined next.

Remark The ratio of the contributing terms are (leaving the
dimensions of the target and the laser-power as variables):

L ASER

CONDUCT I ON
= hS

IK (θS − θ)Ac

≈ O(103h)

O(101103Ac)
= h

10Ac
. (9)

Thus, depending on the length scale at which conduction
gradients take place and the dimensions of the feature, the
laser or conduction can dominate. Since Ac ∝ h2,

L ASER

CONDUCT I ON
= 1

10h
. (10)

Thus, for small features, h ≈ 0.001, the laser input dominates
conduction.
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2 Laser-induced thermal field: superposed-heat
kernel approach

Our basic approach is to represent the contribution of the
laser as a collection of point-zoloads on an infinite half space.
Afterwards, we sum all of the contributions to obtain the total
induced thermal field in the target. The most basic type of
conductionmodel, whichwewill use, is the classical Fourier-
type:

q = −IK · ∇θ, (11)

where θ is the temperature, q is the conductive heat flux, IK
is the thermal conductivity (assumed isotropic). A balance of
power, momentarily ignoring the effects of deformation and
stress reads as

ρẇ = ρC
∂θ

∂t
= −∇ · q + Svol , (12)

where ρ is the mass density, w = C(θ − θo) is the stored
thermal energy, θo is a reference temperature, C is the heat
capacity and Svol represents other sources (Watts per unit
volume), such as laser energy input.

2.1 Point-source solutions

The temperature increase due to a point thermal load on a
half-space is2

�θ(x1, x2, x3, t) = S

4ρC(πD)3/2

∫ t

τ = 0

e− R2
4D(t−τ )

(t − τ)3/2
dτ,

(13)

where D = IK
ρC is the so-called thermal diffusivity, S is the

heat input rate in Watts and R
def=√

(x∗
1 − x1)2 + (x∗

2 − x2)2 + (x∗
3 − x3)2 is the distance away

from the point of application x∗. This integral equation can
be solved by first making a change of variables:

β = R

(4D(t − τ))1/2
⇒ dβ = R

4(D(t − τ))3/2
dτ. (14)

Thus,

�θ(x1, x2, x3, t) = S

ρCD1/2π3/2R

∫ ∞

β = R
2(Dt)1/2

e−β2
dβ.

(15)

2 The top is assumed insulated except where the load is present. See
classical works of Jaeger [17] and Carslaw and Jaeger [2] for a com-
plete, rigorous, derivation, and reviews in Kennedy [19] and Kachanov
et al. [18]. The solution is obtaining by superposing a series of instanta-
neous thermal pulses and adding/integrating the solutions to represent
a continuous source.

POINT−LOADS

FEATURE
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y
z ALL HEAT KERNELS
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THE TEMPERATURE
AT A POINT

Fig. 3 All the point heat-loads contribute to the temperature at a sam-
pling point

Since the integral can be rewritten using the complementary
error function:

er f c

(
R

2(Dt)1/2

)
def= 2

π1/2

∫ ∞

β = R
2(Dt)1/2

e−β2
dβ, (16)

the solution becomes

�θ (x1, x2, x3, t) = S

2ρCDπR
er f c

(
R

2(Dt)1/2

)
. (17)

When t → ∞, β → 0, er f c(0) → 1, and the steady-state
solution becomes

�θ(x1, x2, x3, t = ∞) = S

2ρCDπR
. (18)

2.2 Construction of time-varying spatial patterns

The point-load formalism, namely starting with individual
incremental point-load pulses, then integrating them is a quite
useful in two ways: (1) Construction of time-varying loading
solutions and (2) Construction of spatial patterns (Fig. 3).

2.2.1 Time-varying loading solutions

The expression

�θ(x1, x2, x3, t)

= 1

4ρC(πD)3/2

∫ t

τ=0
S(t)

e− R2
4D(t−τ )

(t − τ)3/2
dτ, (19)

which can be integrated numerically in the time-domain to
produce the solution to time-varying heat input.

2.2.2 Spatially-varying loading solutions

Spatially-varying solutions can be constructed by superpos-
ing multiple (i = 1, 2, . . . , N ) point loads (Fig. 1) within a
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pattern (and hence R, one can generate the response for an
entire patterned response

�θ tot−N (x1, x2, x3, t) =
N∑
i=1

�θi (x1, x2, x3, t) (20)

where

�θi (x1, x2, x3, t)

= 1

4ρC(πD)3/2

∫ t

τ = 0
Si (x∗

i , t)
e− R2i

4D(t−τ )

(t − τ)3/2
dτ, (21)

which can be integrated numerically in the time-domain. In
the limit, this becomes

�θ tot (x1, x2, x3, t) =
∫

	

�θi (x1, x2, x3, t) d	, (22)

where Si (x∗
i , t) is replaced with δS(x, t)δ	, δS(x, t) being

Watts per unit volume. Numerically, the total thermal field
at a point in the target is computed by summing all point
load contributions (i = 1, 2, . . . , N , appropriately translated
according to their position on the surface). The computational
algorithm is as follows:

• INITIALIZATION: GENERATE A STARTING CON-
FIGURATION FOR THE LOADS

• STEP 1: COMPUTE THE HEAT N LOADING SITES.
• STEP 2: COMPUTE THE THERMAL FIELD CON-
TRIBUTION FROM EACH LOAD, i = 1, 2, . . . , N ,
ON THE SURFACE: �θi (x1, x2, x3, t),

• STEP 3: SUM THE CONTRIBUTIONS OF EACH
LOAD, i = 1, 2, . . . , N , TO COMPUTE THE TOTAL:
�θ tot−N (x1, x2, x3, t),

θ tot−N (x1, x2, x3, t) = θ(t = 0)+�θ tot−N (x1, x2, x3, t)

(23)

• STEP 4: REPEAT STEPS 1–3 FOR EACH TIME STEP.
• STEP5:COMPUTETHETARGETRESPONSESTATIS-
TICS IN THE TARGET ZONE OF INTEREST AS
DESIRED.

Figure 4 provides a corresponding flow chart for the process.
It is important to note the quasi-stochastic nature of a laser
beam is captured since at every time-step the heat kernel
source terms are redistrubuting (fluctuating), as they would
be in reality.

COMPUTE STATISTICS 

REPEAT

SUM ALL CONTRIBUTIONS

COMPUTE EACH LOAD’S
CONTRIBUTION

INITIALIZE LOADS

UPDATE LOADING

REPEAT FOR NEXT TIME STEP

Fig. 4 The algorithm for computation of the loading of a surface

2.3 Thermal nonuniformity compensation-for any
pattern

The utility of the approach is that one can ascertain detailed
spatial distribution of the temperature field in the target. One
can also post-process aggregate thermal field. For example,
one important statistical metric is the standard deviation of
the thermal field from the volume average temperature in the
feature at any given moment in time:

α =
√

1
V f

∫
	 f

(
θ tot−N (x) − θav

)2
dx

θav
, (24)

where 	 f is the domain of the feature, V f is the volume of
the feature and θav is the average temperature in the feature.
One can foresee that from Eq. 13, repeated again below

�θ(x1, x2, x3, t) = S

4ρC(πD)3/2

∫ t

τ = 0

e− R2
4D(t−τ )

(t − τ)3/2
dτ,

(25)

that the temperature rise will be highest at the center of the
feature and decreasing exponentially to the edge of the fea-
ture. Thus, we need to increase the intensity of the beam at
the edges. The most practical way to do this is to identify the
edges of the feature, and to increase the intensity of the beam
in an “edge-zone”, 	e, which is a user-set standoff distance,
creating a self-similar smaller pattern, as shown in Fig. 5.
Mathematically, this can be expressed as
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Fig. 5 Increased intensity
applied to the edges to
compensate for the heat decay

ZONE
EXCLUSION 

NORMAL INTENSITY

HIGH INTENSITY
AROUND EDGES

IN THE INTERIOR

• If x ∈ 	e, then Ŝ(x) = Ŝe(x) > Ŝi (x), where Ŝe(x) is
the heating intensity per unit area in the edge zone and
Ŝi is the heating intensity in the interior.

• If x ∈ 	i , then Ŝ(x) = Ŝi (x) < Ŝe(x), where 	i is the
interior of the feature.

• The sum of the two areal contributions must be the total
wattage applied (Stot (x)) to the target area of the feature
	tot = 	e + 	i :

Total Wattage = Stot =
∫

	tot
Ŝ(x) d	

=
∫

	e
Ŝe(x) d	

+
∫

	i
Ŝi (x) d	. (26)

A relatively simple approach is to set:

Ŝe = Si × A, (27)

where A > 1 is am amplification over the interior intensity.

Remark One could also induce a gradual spatio-temporal
beam adaptation:

Ŝe(t) = Si ×
(
1 + (A − 1)

t

T

)
(28)

where T is the total simulation time. We note that using t (a
variable) would allow for adaptation in time as well.

2.4 Evolution of thermal stresses

We now illustrate how the results track the evolution of
the thermal gradients and thermal softening and correlates
that to the magnitude of the thermal stresses, using mate-
rials values previously introduced. As the results show,
eventually the thermal gradients become nearly zero in the
feature, and have high values at the feature-surrounding
solid interface. To obtain more detailed information on the

complex phase transformations, a complete coupled thermo-
mechanical formulation is presented, based on the papers
of Zohdi located here: http://cmmrl.berkeley.edu/77-2/. The
thermal-mechanical (residual) stress, σ , is given by the clas-
sical Hookean equation

σ = IE : (ε − εθ ), (29)

where IE is the elasticy tensor, ε is the total strain and εθ is
the thermal strain given by

εθ = α(θ(t) − θo)1 (30)

where α is the thermal expansion coefficient. In the isotropic
case

σ = IE : (ε − εθ ) = 3κ
tr(ε − εθ )

3
1 + 2με′. (31)

where κ is the bulk modulus, μ is the shear modulus,
tr(ε−εθ )

3 1 is the dilatational strain, ε′ is the deviatoric strain.
In a heated state the bulk modulus behaves approximately as
(θo ≤ θ(t) ≤ θm , a gradual change of phase)

κ(θ(t)) = κse
−A θ(t)−θo

θo (32)

where A = − θo
θm−θo

Ln( κm
κs

), so that κ(θo) = κs (cool solid)
and κ(θm) = κm (melted solid), with a cap placed on θ(t) in
the constitutive law

θmax (t) = θm . (33)

Because this is a thermally-driven problem, the magnitude
of the (residual) stress is approximately proportional to the
magnitude of the thermal gradient at a point x

||σ (θ)|| ≈ 3κ(θ)α||∇̂θ || (34)

where ∇̂θ = ∇θ · �x, where �x is the grid-spacing in the
simulation between neighboring points (x ± �x) surround-
ing x.
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Fig. 6 UNIFORMBEAM: 25000W laser/Stainless Steel. LEFT: The average temperature in the feature RIGHT: The standard deviation (α, Eq. 24)
from the average temperature in the feature (500ms)
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Fig. 7 NONUNIFORM BEAM: 25000W laser/Stainless Steel. LEFT: The average temperature in the feature RIGHT: The standard deviation (α,
Eq. 24) from the average temperature in the feature (500 ms)

2.5 Numerical studies

In order to illustrate the uniform vs. nonuniform beam
concept, we compare a the results of a uniform and nonuni-
form (edge-compensated) beam of 25000w on the 3/4-circle
domain (Fig. 5). The beam has been increased by a factor
of five in the edge zone. The following specific laser and
geometry following parameters were used:

• Starting temperature: θ(t = 0, x) = 300K,
• Laser power: 25000W focused on the target dimensions,
• Elliptical disk dimensions: major axis=0.015m, minor
axis=0.01m with one quadrant excluded (Fig. 5),

The following material parameter sets were used, for Stain-
less Steel:

• IK = 20 W/m−K,
• ρ = 8000 kg/m3,
• C = 500 J/K−kg,
• θmelt = 1600 K,
• κs = 160 GPa, κm ≈ 0 GPa,
• α = 0.000015 m/K,

A sampling grid of 60(x)×60(y)×5(z)with 2000 randomly-
distributed point-load heat kernels were used to generate the
following (Figs. 6, 7, 8, 9, 10, 11, 12, 13, 14 and 15):
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Fig. 8 UNIFORMBEAM: 25000W laser/Stainless Steel (left to right and top to bottom). Sequence of thermal frames, viewed from above (500ms)

• UNIFORM BEAM: 25000 W laser/Stainless Steel uni-
form laser. Averages and standard deviation (α, Eq. 24)
from the average temperature in the feature.

• NONUNIFORM BEAM: 25000 W laser/Stainless Steel
uniform laser. Averages and standard deviation (α,
Eq. 24) from the average temperature in the feature.

• UNIFORM BEAM: 25000 W laser/Stainless Steel uni-
form laser. Sequence of the thermal fields θ(x).

• NONUNIFORM BEAM: 25000 W laser/Stainless Steel
uniform laser. Sequence of the thermal fields θ(x).

• UNIFORM BEAM: 25000 W laser/Stainless Steel uni-
form laser. Sequence of the thermal stresses ||σ ||.

• NONUNIFORM BEAM: 25000 W laser/Stainless Steel
uniform laser. Sequence of the thermal stresses ||σ ||.

2.6 Interpretation of the results

As the sequences show, eventually the thermal gradients
become nearly zero in the feature, and have high values at
the feature-surrounding interface. The code completes this
entire process in under a minute on a Mac Powerbook, mak-
ing it ideal for laser-system design studies. Figures 6 and 7
show the average temperature in the feature, as well as the
standard deviation from the average. The thermal response to
the nonuniform beam rises more slowly, relative to the uni-
form beam case and has a hight standard deviation. For both
beam types, the temperature eventually becomes homoge-
neous and the standard deviation drops. Figures 8, 9, 10, 11,
12, 13 and 15 depict these results more graphically, viewed
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Fig. 9 UNIFORMBEAM: 25000W laser/Stainless Steel(left to right and top to bottom). Sequence of thermal frames viewed from below (500ms)
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Fig. 10 NONUNIFORM BEAM: 25000W laser/Stainless Steel (left to right and top to bottom). Sequence of thermal frames viewed from above
(500 ms)

from above the feature and below. The “mesh” of sampling
points is superposed to give an idea of the density of locations
where the heat kernels have been summed in Eqs. 20–22. It
is important to note the quasi-stochastic nature of a laser
beam is captured since at every time-step the heat kernel
source terms are redistributing (fluctuating), as they would
be in reality.

3 Summary and extensions

In summary, the utility of the approach is that an analyst
can efficiently ascertain a large number of laser-input scenar-
ios without resorting to computationally-intensive numerical
discretization procedures, such the Finite Element Method.

Essentially, themethod computes the thermal fields by super-
posing individual “beamlet” heat-kernel solutions, based on
time-transientGreen’s functions, to construct the overall ther-
mal solutions due to complex surface patterns. This enables
laser-processing designers to efficiently compute the result-
ing thermal system response of selecting various system
parameters, such as spatially-variable laser intensity within
a pattern. This allows one to rapidly compute system param-
eter studies needed in the manufacturing of new products.
The presented analysis constructs a computational frame-
work to compute the time-transient thermal response from
a spatio-temporally non-uniform laser beam in an arbitrary
spatial pattern and illustrates how the results can be used
to track the evolution of the thermal gradients and their
correlation to thermal stresses. Ultimately, analyst can effi-
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Fig. 11 NONUNIFORM BEAM: 25000W laser/Stainless Steel(left to right and top to bottom). Sequence of thermal frames viewed from below
(500ms)

ciently ascertain the results of large number of laser-input
scenarios, leaving more detailed, computationally-intensive,
coupled thermo-mechanical PDE discretization of finite

sized domains, based on Finite Element or Finite Difference
methods, for final analyses at the end of a system design
phase.
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Fig. 12 UNIFORM BEAM: 25000W laser/Stainless Steel uniform laser. Sequence of the thermal stresses ||σ || viewed from above (500 ms)

As a practical matter, the use of this method is to test
several hundred, if not thousand, laser-processing scenar-
ios as a system parameter optimization tool. At the end
of a system design phase, in order to obtain more rigor-
ous values of the thermally-induced stress fields, phase-
transformations, melting, resolidification and even ablation,
etc., one will have to solve a computationally-intensive cou-
pled thermo-mechanical initial boundary value problemwith
phase transformations, consisting of solving a balance of lin-
ear momentum governed by

∇x · σ + f = ρ
d2u
dt2

, (35)

and the interconversions of various forms of energy (mechan-
ical, thermal, etc) in a system are governed by the first law
of thermodynamics,

ρẇ − σ : ∇x u̇ + ∇x · q − ρz = 0, (36)

wherew is the stored energyper unitmass,which is a function
of the temperature (θ ) and deformation gradient ∇u, q is
heat flux, and ρz = Svol is the rate of energy absorbed from
sources (laser). Following a series of works in Zohdi [34–
46], a laser-penetration model, in conjunction with a Finite
Element or Finite Difference Time Domain (FDTD) Method
using an immersed microstructure method. To include phase
transformations, one must consider seven cases, which were
implemented in a predictor-corrector manner by first solving
the governing equations to obtain predicted temperature, and
then checking the following:

• Solid → solid-no melting with Ci = CS : If θ(t) < θm
and θ(t + �t) < θm then retain C(θ) = CS ,

• Solid → liquid-melting with Ci = CS : If θ(t) < θm and
θ(t + �t) ≥ θm then re-solve the governing equations

with C(θ) = CS + δP S→L

δθ
,
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Fig. 13 UNIFORM BEAM: 25000W laser/Stainless Steel uniform laser. Sequence of the thermal stresses ||σ || viewed from below (500ms)
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Fig. 14 NONUNIFORM BEAM: 25000W laser/Stainless Steel uniform laser. Sequence of the thermal stresses ||σ || viewed from above (500ms)

• Liquid → liquid-melted with Ci = CL : If θ(t) ≥ θm and
θ(t + �t) ≥ θm then retain C(θ) = CL ,

• Liquid→ solid-solidificationwithCi = CL : If θ(t) ≥ θm
and θ(t+�t) < θm then re-solve the governing equations

with C(θ) = CL + δP L→S

δθ
,

• Liquid → vapor-vaporization with Ci = CL : If θ(t) <

θv and θ(t +�t) ≥ θv then re-solve governing equations

with C(θ) = CL + δP L→V

δθ
,

• Vapor→ vapor-remains a vaporwithCi = CV : If θ(t) ≥
θv and θ(t + �t) ≥ θv then retain C(θ) = CV ,

• Vapor→ liquid-condensationwithCi = Cv: If θ(t) ≥ θv

and θ(t+�t) < θv then re-solve the governing equations

with C(θ) = CV + δPV→L

δθ
,

where CS is the heat capacity of the solid, CL is the heat
capacity of the liquid and CV is the heat capacity of the
vapor and

• 0 < δP S→L is the latent heat of melting,
• 0 < δPL→S is the latent heat of solidification,
• 0 < δPL→V is the latent heat of vaporization,
• 0 < δPV→L is the latent heat of condensation and
• 0 < δθ is small and can be thought of as a “bandwidth”
for a phase transformation. For more details on melting
processes, see Davis [7].

We note that latent heats have a tendency to resist the phase
transformations, achieved by adding the positive terms in
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Fig. 15 NONUNIFORMBEAM: 25000W laser/Stainless Steel uniform laser. Sequence of the thermal stresses ||σ || viewed from below (500 ms)

the denominator, thus enforcing reduced temperature (dur-
ing the phase transformation).3 This approach is relatively

3 In the idealized limit, the temperature would be constant.

straightforward to include within the staggering framework.
Because strong thermal and mechanical (and possibly opti-
cal) multifield coupling is present, a recursive, staggered,
temporally-adaptive scheme was developed to resolve the
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internal microstructural fields. The time step adaptation
allows the numerical scheme to iteratively resolve the chang-
ing physical fields by refining the time-steps during phases
of the process when the system is undergoing large changes
on a relatively small time-scale and can also enlarge the time-
stepswhen the processes are relatively slow. FollowingZohdi
[34–46], a staggering solution framework was developed to
solve the coupled systems of interest. The general method-
ology is as follows (at a given time increment): (1) each field
equation is solved individually, “freezing” the other (cou-
pled) fields in the system, allowing only the primary field
to be active and (2) after the solution of each field equa-
tion, the primary field variable is updated, and the next field
equation is treated in a similar manner. For an “implicit”
type of staggering, the process can be repeated in an iterative
manner, while for an “explicit” type, one moves to the next
time step after one “pass” through the system. For example
one could employ implicit staggering. Specifically, for the
thermo-mechanical system under consideration, consider an
abstract setting, whereby one solves for the mechanical field,
assuming the thermal field is fixed (L is a time-step counter
and K is a staggering-step counter),

A1

(
uL+1,K , θ L+1,K−1

)
= B1

(
uL+1,K−1, θ L+1,K−1

)

(37)

then one solves for the thermal fields, assuming the mechan-
ical field fixed,

A2

(
uL+1,K , θ L+1,K

)
= B2

(
uL+1,K , θ L+1,K−1

)
(38)

where the only underlined variable is “active” at that stage
of the process. Within the staggering (iterative) scheme,
implicit time-stepping methods are used, with time step
size adaptivity. The adaptive process is driven by minimiz-
ing nondimensional relative iterative coupling error (of both
fields) within a time-step (difference between successive iter-
ations). A tolerance check determines whether the iterations
should continue, or if the time steps should be adaptively
reduced to increase the rate of convergence. The time steps
can be increased if convergence occurs too quickly, thus
allowing larger time-steps and faster simulations for a given
iterative error tolerance. Generally speaking, if a recursive
staggering process is not employed (an explicit coupling
scheme), the staggering error can accumulate rapidly. How-
ever, simply employing extremely small time steps, smaller
than needed to control the discretization error, in order to
suppress a (nonrecursive) staggering process error, can be
computationally inefficient. Therefore, a strategy was devel-
oped to adaptively adjust, in fact maximize, the choice of
the time step size in order to control the staggering error,
while simultaneously staying below a critical time step size

needed to control the discretization error. An important
related issue is to simultaneously minimize the computa-
tional effort involved. See Zohdi [34–46] and papers posted
here http://cmmrl.berkeley.edu/77-2/.
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