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Abstract

In this work, the Smooth Particle Hydrodynamics (SPH) method, a Lagrangian mesh-free numerical scheme, is adapted for the
first time to resolve thermal–mechanical–material fields in a range of Laser Fusion Additive Manufacturing processes. The method
is capable of simulating large-deformation, free-surface melting, flow, and re-solidification of metallic materials with complex
physics and material geometries. A novel SPH formulation for modeling isothermally-incompressible fluids, which allows for
the accurate simulation of thermally-driven, liquid-phase metal expansion/contraction, is presented and verified. Fundamental
validation of the methodology is performed via comparison with spot laser welding experiments. The methodology is then used
to investigate the specific Additive Manufacturing process of the Selective Laser Melting of Metallic, micro-scale particle beds.
The physics of a track deposition process is explored through numerical experiments, and the influence of processing parameters
on the quality of the finished melt-track is investigated. The unique abilities of using a Lagrangian mesh-free method, as opposed
to mesh-based numerical schemes, to model this process are highlighted. The SPH method is found to be a viable and promising
numerical tool for simulating laser fusion driven Additive Manufacturing processes.
c⃝ 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Additive Manufacturing (AM) processes are a broad class of rapidly emerging technologies that build-up parts
through the layer-by-layer selective addition of raw materials under the guidance of digital models. These techniques
have many benefits over traditional manufacturing methods including: (a) single step, net-shape processing of complex
parts, (b) creation of functionally gradient and novel material designs, and (c) reduction of production times and costs.
For these reasons and many more, AM methods are rapidly gaining interest in industry, government, and academia
and are set to revolutionize the manufacturing industry.
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Fig. 1. Schematic of a typical SLM machine.

Selective Laser Melting (SLM) is a particularly promising AM technique for producing complex, 3D, metallic
structures (most commonly steel or titanium) through a repetitive process of deposition and guided laser melting of
an atomized metallic particle bed (Fig. 1). Subsequent layers are melted into previously deposited layers to produce
99.9% density parts with feature sizes of 200 µm [1]. A step in the SLM process begins with the even distribution of
micro-scale, spherical powder particles onto a build bed from a powder reserve. A scanner then systematically traces
a laser beam over a computer-generated, 2D scan profile, corresponding to the cross-sectional area of the next vertical
slice of the 3D component being produced. The laser liquefies the powder particles, forming a melt pool that penetrates
into the previously deposited build layers, joining the two upon cooling. Once complete, the build bed is incrementally
lowered one layer thickness and the process repeated. Applications for the SLM process are widespread including
customizable porous bone implants, reduced cost die tooling, and complex metallic aerospace components. Use of
SLM parts however, currently requires a lengthy process of part qualification and certification to detect processing
flaws including high residual stresses, porosity, disconnected layers, and undesired micro-structures [1]. A better
understanding of SLM is required to minimize these defects and allow for its full adoption by industry.

The lasering of a powder bed track, however, involves extremely complex and coupled physical–metallurgical
processes occurring at micro time-and-length scales. Due to the complexity of the phenomena involved, relying on
experimentation alone to understand and improve the SLM process would be too costly, time consuming, and complex.
Numerical simulation, validated by physical experiments, provides a means of both effectively understanding and
optimizing the process by allowing for in-situ analysis as well as efficient optimization of process parameters.

Several efforts have been made to model the SLM track melting process for steel particle beds. Early works, which
attempted to simplify the problem using homogenized models for the powder bed, were found to be insufficient.
Khariallah and Anderson [2] simulated the track scale laser melting of a fully resolved particle bed geometry using
a high-fidelity Eulerian-FEM method and found Marangoni convection and, at higher temperatures, recoil pressure
were the driving forces in the process. Lee and Zhang used a VOF Finite Difference method to simulate the process
producing lower fidelity solutions then Khariallah and Anderson but at a significantly lower computational cost while
finding similar results [3]. There have also been attempts to use micro-scale mesh-based numerical methods, such
as the Lattice Boltzmann (LBM), with e.g. Korner et al. [4] using LBM to model laser melting processes specifically.
However LBM has numerous limitations for such problems including the need for a fine lattice-mesh to accurately
capture the melt motion as well as an unclear methodology for modeling some of the thermal effects in the energy
equation [4].

While mesh-based numerical methods (FEM, FVM, FDM) are capable of producing high fidelity solutions and
have been adapted to AM modeling, and SLM in particular, it is believed that they are ill-suited for simulating
AM processes which typically involve free-surfaces and multiple material and phase interfaces with significant and
complex movement. It is proposed that the application of SPH to the study of the SLM process and similar laser-based
AM processes can provide results at a lower computational cost to mesh-based methods and serve as a design-tool for
industry. The SPH method is a naturally suited for modeling these types of manufacturing processes as free surfaces,
mass conservation, material state boundaries, and large material movement are handled implicitly by the methodology.

There have been some efforts in the SPH community to model laser based manufacturing processes, in particular
laser related ones. Hu et al. [5] modeled the melting process in laser spot welding of aluminum with SPH. In another
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Fig. 2. Schematic of the lasering of a particle bed track during the SLM process.

work, they also considered metal vaporization as a consequence of the laser induced heating [6]. Although these
works are relevant, they are limited to low temperature aluminum welding in which weld-pool motion is limited as
compared to that of steel, they are preformed over a homogeneous geometry, do not consider liquid material expansion,
and validation is limited to indirect aspects of the phenomena. Another interesting work by Alshaer et al. [7] focused
on the ablation of a metal layer with a pulsed laser.

In the present work, the SPH method is adapted to accurately resolve thermal, mechanical, and material fields in
a wide range of laser based AM process which involve the heating, melting, viscous flow, and re-solidification of
metallic materials. The proposed numerical methodology combines previously established SPH discretizations from
disparate fields while supplementing them with a novel formulation for thermal expansion that is useful for laser based
AM simulations. Validation of the methodology, including a comparison to a physical experiment, is undertaken. The
method is applied to the simulation of the laser melting of a metallic particle bed track in the SLM manufacturing
process.

2. Background theory

2.1. SLM process: track scale melting

Fundamental to SLM is the conversion of micro-scale powders of material into a continuous solid track using a
laser-source. A schematic of a typical process of creating a melt-track is shown in Fig. 2. The laser beam is scanned
over a section of newly deposited powder particles, heating them to their melting point and forming a melt-pool
that penetrates into the previously deposited substrate layer. The laser is then advanced in the track direction and a
combination of lasering and melt-pool conductive/convective heating melts oncoming powder material. Upon passing
of the laser source, the liquid melt-pool cools through heat conduction into the substrate and surface radiation,
eventually solidifying. Voids can be created if metal vapor is trapped within the melt-pool upon solidification. In
addition break of up of the melt-track (balling) can occur, resulting in a rough, undesirable track finish.

The process is dominated by a highly complex melt flow motion, strongly driven by Marangoni convection and
possibly thermal expansion of the fluid. Velocities in the melt-pool can be on the order of 1 m/s over a diameter of
⩾100 µm. The liquid melt is inviscid and incompressible. Large normal surface tension forces result from the high
surface tension coefficient for liquid steel, σ ≈ 1.500 N/m, and extreme curvature of the melt-pool. In addition
extreme Marangoni convection is induced by significant thermal gradients and large dσ

dT values driving the melt flow
from under the laser spot (highest temperature) to the rear of the melt-pool (lowest temperatures). The shape of the
free surface is highly volatile due to the low fluid viscosity. Extreme cooling rates, on the order of 103–108 K/s, can
result in significant thermal/residual stresses and mechanical failure (cracking/debonding) [1]. Finally, the melt-pool
and oncoming powders can be ejected ahead of the melt-pool resulting in splattering.
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2.2. Smooth particle hydrodynamics method

The Smooth Particle Hydrodynamics (SPH) method, is a Lagrangian mesh-free numerical method developed
independently by Gingold and Monagahan [8] and Lucy [9] in 1977 and widely used in the simulation of large scale
hydrodynamic flows. It decomposes the problem domain into a set of Lagrangian numerical particles with no a-priori
connectivity. Smooth interpolation between these particles is used to discretize the governing differential equations.
The method is naturally suited to flows with complex free surfaces, large deformations, material splitting, and dynamic
material/phase interfaces. Derivation of the fundamental SPH discretization involves two approximations, the so
called Kernel Approximation and the Particle Approximation [10]. The Kernel Approximation converts the integral
smoothing form for a function,

f (x) =

∫
Ω

f
(
x′
)
δ
(
x − x′

)
dV ′ (1)

into a finite form,

f (x) ≈ ⟨ f (x)⟩ =

∫
ΩS

f
(
x′
)

W
(
x − x′, h

)
dV ′ (2)

where the Dirac delta function, δ
(
x − x′

)
is replaced by a smoothing function W

(
x − x′, h

)
that exists over a

finite smoothing domain ΩS whose size is determined by h, the smoothing length. Next the Particle Approximation
transforms this integral into a summation over neighboring Lagrangian particles,

⟨ f (x)⟩ ≈

N∑
b=1

f (xb)

ρb
W (x − xb, h) mb, (3)

where N is the total number of neighboring particles within ΩS , (·)b the value of (·) at particle b, and mb
ρb

an estimate of
the volume assigned to particle b. SPH discretizations for derivative terms are obtained by transferring the differential
onto the smoothing function, allowing for computationally efficient calculations;

⟨∇ f (x)⟩ ≈ −

N∑
b=1

mb

ρb
f (xb) ∇W (x − xb, h) . (4)

The SPH Kernel Discretization is theoretically O
(
h2
)

accurate if conditions of unity, symmetry, and compactness
on the smoothing function are met [11]. These fail to hold on the boundaries leading to a loss of consistency which
can be restored through the use of special forms of the kernel approximation.

3. Methodology

To model a laser based AM process, a coupled, transient, thermal–mechanical–material theoretical framework is
required. Governing equations will be presented first followed by their SPH numerical discretizations.

3.1. Mechanical model

The liquid melt-pool can be modeled as an isothermally-incompressible, viscous fluid flow using the Lagrangian
form of the general Navier–Stokes equation,

dρ

dt
+ ρ∇ · u = 0,

ρ
du
dt

= ρg − ∇ pI + 2µ∇
2u + b

u =
dr
dt

(5)

where u is the fluid velocity, r the displacement, ρ the fluid density, µ the fluid shear viscosity, p the pressure,
and b any body-forces. In SPH schemes, the incompressibility constraint is commonly enforced through a weakly-
compressible (WCSPH) equation of state (EOS) and the fluid is assumed to be barotropic. In the weakly compressible
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regime, the compressible viscosity term is negligible for the flows studied in this work (see e.g. [12] and [13]) and it
is not considered. A typical EOS has the general form,

p = c2
0(ρ − ρ0)

γ , (6)

where c0 is the sound speed, γ a stiffness parameter, and ρ0 a reference density. Variations in the density from its
reference value create a restoring pressure field. Density changes are updated via the continuity equation and the
value of c0 is chosen such that density variations are minimized [14].

The typical assumption of barotropicity in SPH modeled fluids is believed to be invalid for liquid metals in SLM
processes, which can experience density changes of up to 25% before vaporization through thermal expansion. A
novel framework for simulating volumetric thermal expansion of a liquid melt while maintaining incompressibility
with respect to external forces would therefore be beneficial to simulating the SLM processes. As the volume changes
are induced by temperature, this constraint is referred to as isothermal-incompressibility. Szewc et al. [15] proposed a
WCSPH framework capable of modifying the material density to account for thermal expansion, where they compute
the density of the fluid as mass over volume and then correct it for the thermal expansion of the material.

ρcor
= ρ (1 − βδT ) . (7)

However they use a weakly compressible EOS which is a function of material volume, Ω , not density,

p =
c2

0ρ0

γ

((
Ω0

Ω

)γ

− 1
)

. (8)

where, to clarify, ρ0 is a constant value independent of temperature and un-related to the temperature corrected
density(Eq. (7)). This enforces a constant material volume on the fluid irregardless of temperature, rendering the
scheme incapable of modeling thermally induced volumetric expansion and it is thus invalid for this work. A novel
formulation which is capable of simulating the variance of both the material density and the material volume as a
function of temperature was therefore developed. Instead of modifying the density directly as Szewc et al. [15] do,
it is proposed that instead the reference density be directly coupled to the temperature field; ρ0 = ρ̂0 (T ) (where
the ρ̂0 (T ) notation indicates the reference density as a function of temperature). A reference density based EOS can
then be used to drive the density of the fluid to its thermal equilibrium state via the continuity equation. Under this
formulation, the EOS for pressure becomes,

p = c2
0

(
ρ − ρ̂0 (T )

)
. (9)

A simple linear model relating the fluids reference density to its temperature is given by,

ρ̂0 (T ) = ρ0,T re f

(
1 + αT

(
1 −

T
TT re f

))
, (10)

where TT re f is a thermal reference value for the temperature field, ρ0,T re f a thermal reference value for the reference
density field, and αT the volumetric-thermal expansion coefficient. Heating of the fluid will lead to a lowering of the
reference density through Eq. (10). From Eq. (9) this will result in a negative pressure field which through the pressure
gradient term in the balance of linear momentum will result in a volume expansion of the material. This in turn will
drive the fluid density towards the reference density via the continuity equation. The opposite is true for cooling. The
sound speed c0 is kept constant. Note that Eq. (10) is only one of numerous models available for determining the
density of a material as a function of its temperature and the proposed EOS (Eq. (9)) is compatible with any model,
including fits of experimental data. Eq. (10) was chosen for illustrative purposes because of its simplicity. This scheme
is a more natural means for implementing the incompressibility constraint then post-correcting the calculated density
field for thermal variations as suggested by Szewc et al. [15], it can be easily implemented within existing WCSPH
frameworks, and it allows for the volumetric expansion/contractions of the material and therefore is able to simulate
thermal expansion/contraction driven fluid motion for isothermally-incompressible fluids.

The deformation of the solid phase is not modeled in this work as it is assumed that the motion of the solid phase is
negligible compared to that of the liquid phase and has no effect on the fluid motion. The solution of the mechanical
field in the solid phase is only necessary for the calculation of thermal residual stresses which is outside the scope of
this work.
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For the SPH sub-domain, the δ-SPH scheme proposed by Antuono et al. [16] is adopted to compute the numerical
solution. The evolution equations of a generic ath fluid particle read:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dρa

dt
= ρa

∑
b

(uab + Fdi f f
ab ) · ∇a Wab Vbs

dua

dt
= g −

∑
b

1
ρaρb

(
pb

Γa
+

pa

Γb

)
∇a Wab Vb

+

∑
b

mb

ρaρb

2µaµb

µa + µb
π MCG

ab ∇a Wab Vb +
ba

ρa

dra

dt
= ua , pa = c2

0 (ρa − ρ0 (T )) ,

(11)

where (·)a is the value at the ath SPH particle, the summation is performed over its neighboring particles, ∇a indicates
the gradient with respect to the a-th SPH particle, the notation (·)ab ≡ (·)a − (·)b, Fdi f f

ab is the δ-SPH diffusion term,
and π MCG

ab the Monaghan and Gingold [17] viscous term. An adaption of π MCG
ab by Marrone et al. [18] for use with

multi-phase fluids is used in this work,

π MCG
ab = 2 (DI M + 2)

(ub − ua) · (rb − ra)

||rb − ra||
2 . (12)

A free surface formulation of the pressure gradient term developed by Colagrossi et al. [19] is used, where
Γa =

∑
bVbWab is a renormalization factor. The δ-SPH framework smooths out localized spatial fluctuations in

the density/pressure fields that are often apparent in SPH simulations of violent free-surface flows and can lead to
inaccurate results [16,20]. Various forms for the diffusion term exist, covered extensively by Cercos-Pita [21]. A
modified form of the Antuono et al. [16] diffusion term, which is compatible with the isothermal-incompressibility
scheme, is used.

Fdi f f
ab = −2δhc0

(
(ρ̄b − ρ̄a)

rab

|rab|
2

)
(13)

where ρ̄ = ρ − ρ0 and δ is the δ-SPH smoothing parameter.

3.1.1. Surface tension
The continuum surface force (CSF) model proposed by Brackbill [22] is used to model the normal and tangential

surface tension forces. While inter-particle surface tension formulations (e.g. Tartakovksy & Meakin [23]) have been
implemented for SPH, they are unable to accurately model Marangoni convection and therefore were not used in this
work. The CSF method transforms the traction surface force into a volume force via a smoothing function that acts in
a finite interface region:

Fst =
(
σκn̂ + ∇sσ

)
δ f , (14)

where, σ is the surface-tension coefficient, κ the interface curvature, n̂ the interface unit normal, ∇s the tangential
surface gradient, and δ f the interface delta function which peaks at the interface and decays away from it. In this
framework, the surface tension term enters the balance of linear momentum PDE through the body force term b (Eq.
(5)) not as a Neumann-Boundary condition.

It is assumed that the surface-tension coefficient is a function solely of temperature. Therefore the second term of
Eq. (14) can be re-written as

∇sσ =
dσ

dT
∇s T, (15)

where dσ
dT is the surface-tension–temperature coefficient.

A color function, c f , is used to track the interface where

c(i)
f =

{
1 i f in phase i,
0 otherwise. (16)
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The surface normal and curvature can be calculated via the gradients of c f ,

n =
∇c f[
c f
] , κ = −∇ · n̂, (17)

where
[
c f
]

is the jump in c f across the interface.
The Marangoni convection component was calculated using the formulation from Tong and Browne [24],

∇sσ =
dσ

dT
∇s T −

(
dσ

dT
∇s T · n̂

)
n̂, (18)

which in the CSF framework, Eq. (14), becomes,

FMarangoni
st =

dσ

dT

(
∇T −

(
∇T ·

∇c f⏐⏐∇c f
⏐⏐
)

∇c f⏐⏐∇c f
⏐⏐
) ⏐⏐∇c f

⏐⏐ (19)

where the notation |·| indicates vector magnitude.
While a number of authors (e.g. Morris [25], Adami et al. [26]) have proposed SPH implementations of the CSF

method, their methods were found to only be valid for fluid–fluid interfaces, and insufficient for the accurate and
stable calculation for the surface tension on an actual free-surface. An adaptation of the Morris method involving free
surface SPH gradient formulations is proposed in this work. The scheme is as follows,

1. Calculate the normals as the normalized SPH gradient of the color function:

⟨∇c⟩a =

∑ mb

ρb

(
cb

Γa
+

ca

Γb

)
∇Wab (20)

2. Truncate the normal if not within a cutoff value to avoid the use of erroneous interior normals in the curvature
calculation:

n̂a =

⎧⎨⎩
(∇c)a

|∇c|a

(∇c)a

h
> 0.1

0 otherwise
(21)

3. Calculate the new normalization value Γ ∗
a using only particles with non-zero n̂a :

Γ ∗

a =

∑
b

mb

ρb
Wab · ceil(n̂a) (22)

4. Calculate the curvature using a re-normalized formulation:

κa =
⟨
∇ · n̂a

⟩
=

1
Γ ∗

a

∑
Vb
(
n̂b − n̂a

)
· ∇Wab (23)

5. Ceiling curvature values that are higher than the method-discretization resolution:

κa = min (κmax , κa) ; κmax =
1

2h
(24)

6. Calculate the normal surface tension force:

fst = −σaκana . (25)

7. If modeling Marangoni convection, calculate the thermal gradient:

⟨∇T ⟩a = −
1
Γa

∑
b

mb

ρb
Ta∇Wab. (26)

8. Calculate the tangential Marangoni surface tension force:

( fma)a =
dσ

dT

⏐⏐⏐⏐
a

(
⟨∇T ⟩a −

(
⟨∇T ⟩a · n̂a

)
n̂a
)
|⟨∇c⟩a| . (27)
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3.2. Thermal model

The thermal field is governed by the local form of the thermal energy balance equation which equates the rate of
change of the stored internal energy, ε̇, to the applied external thermal powers,

ρε̇ = σ : D − ∇ · qcond + ρs, (28)

where D = 1/2
(
∇u − (∇u)T ) is the symmetric component of the velocity gradient, qcond the conductive flux vector,

and s heat source terms.
The internal energy is assumed to be solely a linear function of temperature, ρε̇ = ρcṪ , where c is the specific heat

capacity of the material. The mechanical heating power is given by the inner product of the stress and the velocity
gradient, where for incompressible materials the spherical component of the stress power is zero, leaving only a
viscous heating term,

σ : D = τ : ∇u (29)

where τ is the shear stress. The conductive flux vector is approximated by Fourier’s law,

∇ · qcond = −∇ · (k∇T ) , (30)

where k is the isotropic material conductivity and T the temperature.
Laser heating (slaser ) and surface radiation (srad) are implemented as source terms. A Beer–Lambert laser

absorption scheme is used to model the laser penetration into the body, where the laser intensity at some depth, z,
positive into the body, is

I (z) = I0 (r) e−
∫ z

0 α(z)dz, (31)

where I0 is the intensity at the surface of the body and α the absorption coefficient. The power absorbed by a volume
of the body, dV , can be calculated as Pabs = α I dV . Therefore we can define the laser source term as.

slaser = α I . (32)

The laser beam is modeled with a Gaussian profile, where Plaser is the total laser power and rl is the twice standard
deviation spot radius of the laser. The intensity as a function of radial distance from the laser center is therefore,

I (r) =
2Plaser

πr2
l

e

(
−

4r2

r2
l

)
. (33)

Radiation is modeled via the Stefan–Boltzmann equation,

srad = σBε(T − T∞)4, (34)

where σB is the Boltzmann Constant, ε the emissivity, and T∞ the background temperature (assumed to be T∞ =

293 K). The final thermal PDE to be solved is therefore,

ρcṪ = τ : ∇u + ∇ · (k∇T ) + slaser + srad . (35)

SPH formulations for the first two terms of the thermal equation, Eq. (35), have been proposed in previous works.
A SPH formulation for the viscous heating of a material with varying viscosities is given by Marrone et al. [18],(

1
ρ

τ : ∇u
)

a
=

∑(
µaµb

µa + µb

)
ma

ρaρb
πab (ub − ua) · ∇a Wb, (36)

where,

πab = 2 (ndim + 2)
(ub − ua) · (rb − ra)

|rb − ra|
2 . (37)

Cleary and Monaghan [27] give a SPH formulation for the thermal conduction term for a multiphase material:
1
ρ

∇ · (k∇T ) =

∑
b

4mb

ρaρb

kakb

(ka + kb)
(Tab)

rab∇W
rab · rab + η2 . (38)
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A binning algorithm was utilized to partition the SPH particle masses onto a grid framework to allow for the
efficient calculation of laser energy imparted by the Beer–Lambert absorption scheme. The grid spacing was on the
order of the particle diameter and the laser was assumed to penetrate the material in a vertical direction only. Further
details of the method are given in Appendix A. The radiation term is applied only to SPH particles on the surface.

3.3. Material model

The material field is dominated by the thermal-and-phase variance of material properties. The Apparent Heat
Capacity Method, developed by Hashemi & Sliepcevich [28], was implemented to model the significant latent-heat
release and absorption during the melting and re-solidification processes respectively. The method accounts for this
energy via a modification of the heat capacity during a phase change temperature bandwidth of size δT using the
latent heat of melting, L:

c =

⎧⎪⎨⎪⎩
cS, T < TM − δT,
cS + cL

2
+

L
δT

, Tm − δT/2 < T < Tm + δT/2,

cL , Tm + δT < T,

(39)

where cS and cL are the solid and liquid heat capacities respectively, and TM is the melting temperature. This method
can be interpreted as introducing a barrier to the melting process requiring extra heat input to pass through the
bandwidth region. The apparent heat capacity method can be trivially applied directly to an SPH formulation on a
SPH particle–SPH particle basis. A state variable is used to track the phase of a given SPH particle

s =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0, T < TM −

δT
2

,(
T −

(
TM −

δT
2

))
δT

, TM −
δT
2

≤ T ≤ TM +
δT
2

,

1, Tm +
δT
2

< T,

(40)

where s = 1 indicates a liquid state, s = 0 a solid state, and 0 < s < 1 the fraction of transition between a solid and
liquid phase. In this work, only the thermal variance of the surface tension, the surface tension–thermal coefficient,
and the material density are included. All other material properties are only a function of phase and are linearly varied
during state transitions. During the transition from solid to liquid phases the viscosity of a SPH particle is lowered
from an initial high viscosity (10µ f luid ) to that of the fluid to approximate the mushy zone mechanics. Material
ablation/vaporization is not currently modeled but can be included via rate parameters.

3.4. Time integration scheme

A second order explicit leap-frog time integration scheme is used to solve the Navier–Stokes equations. The
thermal field PDE, Eq. (35) is discretized in time using an implicit, midpoint scheme which is solved via the fixed-
point iteration scheme proposed by Zohdi [29]. The iterative solver allows for matrix free operations and is trivially
parallelizable. Detailed descriptions of the schemes are given in Appendix B. The standard advective CFL condition
suggested by Monaghan et al. [11] on the time step, ∆t for the leap-frog time integration scheme is used in this work:

∆tC ≤ C f
h
cs

; 0.05 < C f < 0.5. (41)

A time constraint for the viscous diffusion term is given by Morris et al. [30],

∆tvisc ≤ 0.125
h2

ν
(42)

where ν is the kinematic viscosity. For the surface tension force, Brackbill [22] suggests a time step constraint
formulated using the estimated max capillary wave speed:

∆tsur f ≤ 0.25
(

ρminh3

2πσ

)2

. (43)
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Finally a time step constraint on the thermal field is given by Cleary and Monaghan [27],

∆tT di f f ≤ 0.125
ρch2

k
(44)

The minimum of the above time steps is used in the simulation,

∆t = min
(
∆tC ,∆tvisc,∆tsur f ,∆tT di f f

)
. (45)

No time step constraint imposed by the Marangoni convection term was found in the literature.

4. Verification and validation

Validation and verification of the SPH models introduced above has been performed. First, the accuracy and
stability of the novel isothermally-WCSPH formulation is discussed. Following this, the validity of the entire thermal–
mechanical–material numerical model is investigated through direct comparison with a spot-laser welding experiment.

4.1. Isothermal-incompressibility formulation verification

Two test problems with known solutions are used to verify the method:

4.1.1. Test 1: Load-free expansion and contraction of a droplet of fluid
The first verification problem aims to ascertain the accuracy of the isothermal-WCSPH model in absence of all

external forces or constraints. The proposed problem is as follows. A circular droplet of fluid of mass M , with a
temperature-dependent reference density, is thermally cycled in open-space(gravity is removed). It is expected that the
density of fluid will track the cycled reference density via expansions/contractions of the fluid volume. Since there is
no external dynamic forcing, the density will evolve to become close to the thermally driven reference density through
the coupling of the momentum, EOS, and mass conservation equations. However, volume in an SPH discretization is
a free-variable, determined through particle motion and spacing, and the correct degree of expansion/contraction to
satisfy isothermal-incompressibility is not guaranteed. Therefore, by measuring the volume of the simulated fluid and
comparing it with the predicted values, a verification of the accuracy of the isothermal-WCSPH model, in absence of
all-other phenomena, can be made.

For the test case shown in this work, a sinusoidal temperature field was imposed homogeneously on the fluid
droplet,

T (t)
Tre f

= 1 + 0.05 ∗ sin(2π t). (46)

The reference density was updated through Eq. (10) with αT = 1 and ρ0,T re f = 1000 kg/m3, resulting in density
fluctuations of ±5%. A typical inter-particle spacing of dx/R = 0.05, where R = 1 is the droplet radius, was used.
The smoothing radius was h = 1.2dx . The droplet motion was simulated for 10 cycles at which point no further
significant changes were noted in the system.

The average volume of the simulated fluid, V , was calculated using a Voronoi tessellation of the particle positions
at a given time [31]. The volume percent error is calculated as,

Error = 100 ∗

⏐⏐⏐⏐V true
− V

V true

⏐⏐⏐⏐ , (47)

where V true
= M/ρ0 (T ) is the expected volume. Fig. 3 shows a plot of the volume error values over time for both

a region of interior particles(ri < 0.5R) and a region of particles near the surface (0.8R < ri < 0.9R). Free-surface
regions are a known source of error in the SPH method, and so the use of both regions is necessary to fully verify the
method. Voronoi tessellation is not unique on a free-surface, thus requiring the use of a restricted sub-region which
does not include the fluid boundary.

The measured volume of the SPH discretization closely matches the expected volume (less than 0.4% error in the
interior and 0.8% near the free surface). The error remained of the same order over the length of several cycles proving
the method to be stable as well as accurate. A comparison of the surface and interior error plots reveals the error to
be only minimally higher on the boundaries. This is promising and points to the free surface having minimal impact
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Fig. 3. Results for isothermal-WCSPH verification Test 1. Measured volume error in an interior and a surface region of a droplet fluid undergoing
thermal cycling.

Fig. 4. Schematic of the bi-fluid column simulated in isothermal-WCSPH verification Test 2.

on the scheme. The regularized fluctuations of the volume error, in-sync with the thermal cycling, can be interpreted
as a lag error in the fluid’s tracking of the reference density values. This lag results from using a weakly compressible
formulation and its magnitude is determined by the material stiffness, the rate of material volume change, and the
magnitude of the δ − S P H term.

4.1.2. Test 2: Constrained expansion of a column of fluid
A gravity type force, solid boundaries, and a two-fluid system are introduced in a second verification problem to

confirm the correct working of the isothermal-WCSPH model under practical conditions. An open topped column
of fluid, consisting of two vertically-stacked fluids with identical properties, is initially in static equilibrium under a
gravity-type field, g = −1 m/s2 (see Fig. 4). At t = 0, the reference density of the lower fluid in the column, Fluid 1,
is decreased at constant rate, ρ̇0, until t/t0 = 0.5 at which point it is held constant(t0 =

√
L0/g, with L0 = 1 m being

the initial vertical length of each of the fluids, shown in Fig. 4). The reference density of the upper fluid of the column,
Fluid 2, is held constant throughout the simulation. The problem is temperature independent. It is expected that Fluid
1 will expand, pushing up the entire column of fluid, while the volume of Fluid 2 will remain constant. The presence
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Fig. 5. Non-dimensionalized density vs time of Fluid 1 and Fluid 2 for isothermal-WCSPH verification Test 2. Dotted lines give the value of the
reference density for the fluid.

Fig. 6. Volume percent error vs time for Fluid 1 and Fluid 2 for isothermal-WCSPH verification Test 2.

of gravity and boundaries will introduce external forces in addition to the internal forces from the isothermal-WCSPH
EOS. The presence of two fluids with varying densities will evaluate the viability of the method in the presence of a
density discontinuity.

For the test case shown in this work, a piecewise-continuous temperature field is imposed homogeneously in time
on Fluid 1,

T
TT re f

=

{
0.4t + 1, (0.5 > t ≥ 0)

1.2, (t ≥ 0.5) .
(48)

Fluid 2 is held at constant temperature. The reference densities of both fluids were updated through Eq. (10) with
αT = 1 and ρ0,T re f = 1000 kg

m3 , resulting in a 20% reduction in the reference density of Fluid 1 and no change in
the reference density of Fluid 2. An initial discretization spacing of dx/L0 = 0.05 and a numerical sound speed of
c0 = 20

√
gL0 are used.

The measured average densities of Fluid 1 and Fluid 2 over time are compared to their expected values in Fig. 5.
The volume errors over time for Fluid 1 and Fluid 2 are given in Fig. 6. The fluid density neatly tracks the reference
density value for both the expanding fluid and constant density fluid. As with Test 1, the volume error remains low
(Error < 1%) indicating correct enforcement of the isothermal-incompressibility constraint. The addition of external
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Table 1
Material parameters used for the for micro-second weld pulse validation.

Material property Solid Liquid Units

µ 1.0 0.01 kg/m/s
cp 711.2 937.4 J/(kg K)
Kcond 20.9 209.3 J/(m s K)
Absorption coefficient [32] 0.27 0.27 –

loadings, gravity and boundary forces, from the first validation experiment resulted in the appearance of oscillations
in the density field and a spike in the volume error at the beginning (t = 0) and end (t = 0.5) of the density shift. The
sudden changes in the reference density rate at these times require a period equilibration of the density field to the
reference value. The length of time for this equilibration is minimal. No measurable density diffusion was observed
across the interface between the upper and lower fluids and the interface remained stable. This indicates the robustness
of the methodology in being able to capture volume changes of isothermally-incompressible, variable density flows
in practical conditions.

4.2. Millisecond pulsed spot laser weld

A validation case for the full thermal–mechanical–material methodology, incorporating most of the physics
considered in this research is set up by taking as reference the experiments conducted by He et al. [32]. They made
millisecond (3 ms, 4 ms) pulsed laser spot welds on 304 stainless steel plates. By comparing the final weld pool
dimensions from their experimental work with those predicted by this work’s numerical model, a check on the model
can be performed.

A numerical simulation of the 3 ms, 0.428 mm beam radius, 1967 W laser pulse performed by He et al. [32]
was carried out. Phase-determined material parameters that correspond to the specific experiment considered for
the simulations herein are shown in Table 1. The fluid thermal conductivity is enhanced by an order of magnitude.
This is common in welding experiments to account for microscale heating flows [33]. The melting temperature is
Tmelt = 1723 K with a melting bandwidth of δT = 100 K.

The reference density (in kg/m3 ) is a function of temperature and is given by,

ρ =

⎧⎨⎩8020 − 0.50 (T − 298 K) , (s = 0)

7443 − 6.03 (T − 1673 K) , (0 < s < 1)

6840 − 0.70 (T − 1773 K) , (s = 1)

(49)

where the solid density equation (s = 0) is obtained from the experimental work of Mills [34] and the liquid density
equation (s = 1) from Dubberstein et al. [35]. A linear fit between the two models is used for the melting regime.
The density of liquid steel is only experimentally measured by Dubberstein et al. up to 1923 K. In this model, a linear
extrapolation is made for temperatures above this.

The surface tension of 304 stainless steel is both a function of temperature and the concentration of alloying
Sulfur. In this work that concentration is assumed to be constant, as = 0.0022 wt%. An equation for the surface
tension–temperature coefficient as a function of temperature is given by Sahoo et al. [36],

σ (T ) = σ0 − A (T − Tm) − R · T · Γslog
(

1 + kl · as · e
(

−∆H0
R·T

))
, (50)

where σ0 = 1.943 N
m , A = 0.5 · 10−3 N

m K , R = 8.3145 J
(mol K)

, Γs = 1.3 · 10−8 kg mol
m2 , kl = 0.0032, and

∆H0 = −166 · 103 J
kg mol .

The simulation parameters for the laser pulse numerical experiment are given in Table 2. A Wendland C2
kernel [37] was used as the chosen smoothing kernel for all simulations in this work. It has been demonstrated to be
the optimal kernel choice for numerical stability of the SPH method [38]. A Dirichlet temperature boundary condition
of T=293 K was enforced on the bottom of the weld-substrate using three layers of boundary particles. The simulation
was run until the weld-pool fully solidified.

A side-by-side comparison of the simulated weld pool at max dimensions and a micrograph of the melted region
from the work of He et al. [32] is given in Fig. 7. The numerical weld-pool dimensions and those of the physical
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Table 2
Simulation parameters for micro-second weld pulse validation.

Property Value

c0 50 m
s

Kernel W endland C2
h/dx 1.2
(h/dx)Sur f. 1.8
δ 0.0001
Dimensions 3
dx 0.05 mm
Total particles 19 000
dt 6 × 10−8 s
sim. time 200 cpu − h

Table 3
Laser welding validation test results. A comparison of the simulated weld
pool dimensions with that of the work of He et al. [32].

Property SPH exp He et al. Percent error

Radius 0.46 mm 0.48 mm 4.3%
Depth 0.25 mm 0.26 mm 3.8%

Fig. 7. Dimensions of the simulated 3D weld pool as compared to micrograph from He et al. experiments [32]. A subset of the numerical domain
showing a cross-section of the simulated weld pool is plotted.

experiment along with the present error are listed in Table 3. The measured values from the simulation are close to
those of the physical experiment (Error 4%). This error can be the result of a few factors. First, variations in the
used material parameters with respect to their actual values due to uncertain sulfur content in the steel used in the
experiment and a lack of literature for the surface absorptivity of liquid and elevated temperature solid 304 steels: the
fraction of the laser absorbed by the steel as a function of temperature/phase is not well known and values in literature
have been reported anywhere between 0.27–0.33 for the solid and even higher for the liquid phase. A second source
of error is low mesh resolution: a higher mesh resolution could be necessary to fully capture the re-circulating flow of
the weld pool, which could influence the shape of the melted region by redistributing heat deeper into the weld pool.
However, this simulation alone took approximately 200 h of simulation time. Higher-resolution simulations will be
carried out once an HPC version of the code is available.

5. Applications

Although applicable to numerous laser-driven AM process, the primary application of the proposed numerical
model in this work is the micro-scale lasering of a powder-bed track during a SLM process. As this work is an
introductory effort, high-resolution simulations of the lasering of a three-dimensional, real-scale particle bed are out
of its scope. A streamlined-HPC implementation of the methodology that takes advantages of the parallelizability of
SPH discretizations is necessary for this. As such only high-resolution, 2D implementations of a SLM track melting
process are currently possible. Analysis of the phenomena occurring during the lasering process as well as examples of
practical applications of the proposed methodology to industry, e.g. parameter studies, are performed. The usefulness
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Table 4
Numerical experimental parameters for laser melting of a particle track.

Property Value

Laser 2σ width 54 µm
Laser power 150 W
Scan velocity 2 m/s
Laser profile Gaussian
Particle radius 25 µm
Track length 1.2 mm
Track depth 0.33 mm

Table 5
Simulation parameters for the laser melting of a particle track.

Property Value

c0 20 m
s

Kernel Wendland C2
h/dx, 1.2
h/dx(sur f.ten.), 1.8
dim 2
dx 4 µm
Total particles 13 000
dt 1.2E − 08 s
sim. time ≈ 36 h

of the methodology in preforming process optimization through parameter studies is shown. The unique benefits of
using the Lagrangian-SPH method to model the SLM track lasering process as opposed to the mesh based-Eulerian
numerical methods that have been used in previous investigations, are highlighted through the simulation of multi-
material particle beds and the tracking of material points to investigate layer mixing.

5.1. 2D SLM track lasering process

A 2D simulation of the track laser melting of a 304 stainless steel particle bed was carried out using the
process parameters and problem dimensions from the 3D-FEM simulation work of Khariallah et al. [39]. Numerical
experimental parameters are listed below in Table 4. Material properties for the 304 stainless steel particles are
assumed to be the same as the properties for the bulk material, used in the millisecond pulsed spot laser weld
simulation (Section 4.2). The problem geometry consisted of a 1 mm long regular distribution of 25 µm diameter-
powder particles placed on a substrate layer. Simulation parameters used are given in Table 5. SPH particles ejected
from the melt-pool were removed from the model. A Dirichlet temperature boundary condition of T = 293 K was
imposed on the bottom of the substrate layer. An insulated flux boundary condition was imposed on the top surface
with radiation and laser absorption modeled through source terms. The simulation was carried out until the track had
fully solidified, around t f inal = 1.125 ms.

Snapshots of the state-field with temperature contours overlaid at several time points over the course of the
simulation are shown below in Fig. 8. The laser power distribution and penetration depth into the particle-bed are
visible in Fig. 8A. The melt-pool shape is highly volatile upon initial formation (Fig. 8B). The particle bed is initially
at room temperature (T = 293 K) when the laser is turned on. The powerful laser source places heat into the body
faster than it is able diffuse into the substrate leading to a concentration of heat under the laser source and steep-thermal
gradients. These result in a strong Marangoni convection in both the +x and −x directions and to a deepening of the
melt-pool as particles under the laser are wicked away.

Midway through the lasering process, the melt-pool has reached a more-steady state(Fig. 8C). At this stage, three
zones can be visibly demarcated; a highly dynamic melt-pool directly under the laser region, a slower moving melt-
pool tail, and the solidified newly deposited track. A similar zonal distinction and the occurrence of a “steady-state” are
also noted by Khariallah et al. in their work [40]. The melt-pool penetrates into the substrate layer, completely melting
the newly deposited particle and forming a continuous connection between the two layers. The melt-pool extends in
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Fig. 8. Snapshots of the material state and temperature contours at varying times for the laser melting of a 2D particle bed with the numerical
experimental parameters described in Table 4. State values range from fully solid s = 0 to fully liquid s = 1.

front of the moving laser heat source, propelled by the Marangoni convection in the +x direction. A long melt tail
(around 400 µm in length) extends in the -x direction. Necking of the melt-tail is observed, indicated by the arrow in
Fig. 8D, as a tail region is pinched in two by a solidification front. The material remains in a mushy-state long after
the laser has passed. This is due to lower-thermal gradients upon cooling, the energy released in the solid–liquid phase
change, as well as the lower thermal conductivity of the solid phase. The final profile of the melt-track is relatively
flat (Fig. 8F) although humped regions corresponding to the locations of necking are visible. No voids or un-melted
particles are visible in this numerical experiment however. The simulation of rigid body motion of solid powders
and the recoil-pressure from vaporization may be necessary to capture the formation of these flaws. These will be
included in future efforts. The Lagrangian nature of the solver allows one to easily discuss the material transport and
transformation aspects of this problem.

A closer look at the steady-state melt-pool (Fig. 8C) provides insight into the complex interactions between
competing microscale physical phenomena during the SLM process. Focused views of the temperature, velocity,
and surface tension fields are provided in Fig. 9. As seen in Fig. 9A the highest temperatures occur directly beneath
the laser beam. Interestingly, the melting of oncoming solid particles however occurs not through direct laser heating
but contact with a section of the melt that extended in advance of the laser. The source of this extension is the strong
Marangoni convection currents that push the melt fluid in +x direction ahead of the laser beam. As seen in Fig. 9B&C
the highest Marangoni forces and highest velocities in the melt-pool are in the +x direction moving out in front of the
beam. The thermal gradients are much steeper in the +x direction due to the slow rate of thermal conduction heating in
advance of the laser. At high enough laser powers/slow enough scan speeds, this effect, possibly in combination with
the thermal expansion of the fluid, was noted to lead to the ejection of liquid metal out of the front of the melt-pool,
referred to in the field as spattering. This same “bow-wave” effect was noted by Khariallah et al. [40] in their FEM
simulation. However, they attributed it to the recoil vapor pressure during the melting (a phenomena not modeled in
this work), indicating the phenomena could be due to a combination of effects.
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Fig. 9. Temperature, velocity, and surface tension acceleration field at t = 0.24 ms for region under laser.

Marangoni forces under the laser source also propel the melt fluid backwards along the track (see vectors at the
free surface in Fig. 9B). Inertia from the high initial forces carries the fluid further backwards. Close to the melt-pool,
these surface flows lead to re-circulation vortices as seen in Fig. 9B. Re-circulation extends the depth of the melt-pool
through increased fluid convection and is desirable for penetration into the substrate layer. Khariallah et al. [40]
reasoned that significant re-circulation can trap pockets of metal vapor leading to the formation of voids. As metal
vapor was not modeled in this work, this effect was not seen. It is apparent from these simulations that the driving
motion for the growth and propagation of the melt-pool is Marangoni forces emanating out under the translating laser
beam sources. The competing effects of the rate of melt-pool solidification, thermal expansion, surface melt inertia
propelled Marangoni convection, and normal surface tension determine the resulting roughness of the track surface.
The effect of thermal expansion on the melt motion was not apparent in this qualitative study.

A unique advantage of using a Lagrangian numerical scheme to model the SLM process, as opposed to the Eulerian
schemes that previous efforts have used [40,3], is that the tracking of a specific material point’s motion over the
length of a simulation becomes trivial. To demonstrate the usefulness of this, the motion of material belonging to a
set of tracer powder particles was tracked during over the length of the lasering numerical experiment. The results
are shown in Fig. 10. The tracked particles are colored red. As it can be see, upon melting, the material belonging
to individual particles becomes sheared in the newly formed tracked. Part of the material from the tracked particles
penetrates into the substrate layer. However, the majority remains in the newly deposited region layer. This information
is useful in determining how materials in a multi-material powder mixture might mix and distribute during a SLM
process. This numerical experiment shows that with the given particle bed geometry, laser configuration, and material
characteristics, strong mixing of neighboring particles is not achieved, and therefore striated material micro-structures
are likely to appear.
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Fig. 10. Motion of tracer powder particles, colored red, over the course of a track deposition process.

Fig. 11. Snapshots of the material state and temperature contours for varying laser powers at t = 0.26 ms (mid-lasering).

5.2. Laser power variation

A main use for the proposed methodology is optimization of the SLM machine parameters through controlled
sensitivity studies. To illustrate this process, a simplified parameter study was performed to investigate the effects of
varying the laser power. A laser with a beam width of 54 µm laser was scanned over a particle bed composed of 25 µm
radius powder particles. Scans with laser powers of 50 W, 100 W, 150 W, and 200 W (corresponding to intensities
of 5.5E9 W/m2, 10.9E9 W/m2, 16.4E9 W/m2, and 21.8E9 W/m2 respectively) were performed. The powder bed
geometry was the same as the previous numerical experiment. The particle bed states at t = 0.26 ms, mid-lasering,
and t = 1.25 ms, fully re-solidified bed, for all the laser powers are presented in Figs. 11 and 12, respectively.

The effects of the varying laser power on the melt-pool state mid-lasering, Fig. 11, are quite pronounced. At 50 W,
the laser is incapable of fully melting the powder bed and penetrating into the substrate layer. The melting occurs from
direct laser heating and the melt-pool and is minimal in size. At 100 W power, the laser is capable of fully melting
the deposited particles as well as penetrating into the previous substrate layer. Although Marangoni convection is
significant enough to propagate the melt-pool in advance of the laser beam melting oncoming particles, the melt-pool
motion is minimal and calm. At 150 W laser power, the case studied in Section 5.1, significant penetration into the
previous substrate region is achieved. The melt-pool is larger in size and protrudes well in advance of the oncoming
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Fig. 12. Snapshots of the material state and temperature contours for varying laser powers at t = 1.25 ms (fully-resolidified bed).

laser beam. Higher melt-surface temperatures produce greater Marangoni-forces resulting in a more volatile melt
surface profile than the 100 W case, and significant amount of material ejection out of the front and rear of the
melt-pool. Finally, at 200 W, rapid laser heating results in extreme temperature gradients and even greater melt
motion. The significant Marangoni convection ejects fluid out of the front of the advancing lasers and leads to a
highly unstable melt surface. Qualitatively, it is inferred that using the lowest laser power capable of fully melting
the deposited particle layer is preferred as track surface roughness clearly increases with laser power. At higher laser
powers, a melt-pool is larger in size and is more volatile than at lower laser powers. It is rationalized that the larger
the melt-pool, the longer it remains liquid and the greater the likelihood it breaks up and becomes segmented. Surface
volatility increases the possibilities of surface breakup through melt flow disruption. Khariallah et al. [40] came to the
same conclusion in their work, noting that lower heat content gives the surface tension forces less time to break up the
flow as solidification occurs earlier.

5.3. Thermal conduction variation study

A major benefit of the Lagrangian nature of the SPH method, is the ability to easily simulate multi-phase problems
as boundary tracking is implicitly handled by the method. To demonstrate the utility of this feature, a numerical
experiment was performed based around the proposed capability of the SLM to produce functionally gradient
materials, those in which material properties of a part are altered through the selective inclusion of a second material
phase. A track lasering numerical experiment was performed on a particle bed in which every third particle was given
twice conductivity of its neighbors. A 100 W laser with a beam width w2σ = 54 µm was used.

Results for the doped particle bed are displayed in Fig. 13, compared to those of a homogeneous one. The
distribution of the thermally enhanced particles is apparent in the initial configuration snapshot. From the final time
snapshot it is apparent that the effect of the enhanced thermal conductivity particles is minimal. The main difference
between the solidified state of the doped bed and the control appears to be the development of periodic divots on the
final surface profile. These divots directly correlate to the position of the higher thermal conductivity particles. As seen
in the mid-lasering snapshots, upon the melting of a higher conductivity particle the melt-pool shortens in width and
deepens. This can be explained by the higher thermal conductivity of the second phase transferring heat faster into the
material, deepening the melt-pool, while increasing the rate of solidification of the laser-pool surface, shortening the
melt. An interesting result of this simulation is that the thermally conductive material becomes stratified in the track
layer. This stratification indicates that the final track thermal conductive property would be anisotropic, potentially
altering the macro-scale properties of the part.
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Fig. 13. Plots of the state and thermal conductivity over time for both a doped particle bed with enhanced thermal conductivity and a control
powder bed.

6. Conclusions

In this work, an SPH methodology for accurately resolving thermal, mechanical, and material fields in laser based
additive manufacturing processes of metallic materials has been developed. A novel isothermally-incompressible
framework was formulated to allow for the simulation of the thermal-expansion of incompressible metal liquids.
Fundamental validation of the methodology was carried out through comparison with a spot laser welding experiment.
The method was deemed to be sufficiently accurate and stable. Extension to the practical simulation of the laser
melting of a micro-scale, 304 stainless steel particle-bed track was performed. The phenomena were investigated using
a 2D model and it was observed that the driving force of the melt-pool was Marangoni convection, corroborating the
conclusions of previous numerical investigations [40,3]. A laser-power parameter study was performed and it was
discovered that increasing laser power resulted in greater track surface roughness and material sputtering. It was
concluded that the lowest possible laser power capable of achieving full melting of the powder bed should be used.
Finally, two advantages of using a Lagrangian numerical method, such as trivial tracking of material points and
simulation of multi-material fluids, were shown through modeling of the lasering of a two-phase particle bed.
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A primary goal of this work was to investigate the viability of using SPH to model the micro-scale laser melting
of a powder bed during the SLM process. From the numerical experiments performed, it is clear that SPH is
capable of capturing the process and in addition provides useful features unique to its Lagrangian nature. However
the computational burden of the current methodology for simulating the laser melting of micro-scale steel particle
beds must be lessened before a fully, viable competitive methodology can be achieved. In particular, the cost for
modeling surface tension forces must be reduced. CSF scheme itself is complex and requires numerous summations
neighbor pairs as compared to the modeling of the other field phenomena. A more efficient, scheme for simulating
surface tension forces must be developed before the SPH method can be considered a viable option for numerically
modeling the SLM process. Future work will also focus on developing a HPC implementation of the methodology
to allow for the simulation of 3D domains on reasonable time scales. Additional physics will be added, including
the vaporization of the liquid metal and rigid body motion of un-melted particles, to capture the formation of void
and un-melted particles flaws. The HPC implementation will be used to investigate the relative importance of the
modeled phenomena ( e.g. Marangoni convection, thermal expansion, etc.), on the SLM process. While it’s apparent
that Marangoni convection is a dominant phenomena in the SLM process, the extent to which the other relevant
phenomena (thermal expansion, vaporization, normal surface tension, etc. ) affect the track deposition needs to be
studied further through a quantitative analysis. Having a better understanding of the way these phenomena shape
the SLM process could lead to significant process improvements. Finally, the proposed methodology has the ability
to simulate additional additive manufacturing processes (filament printing, ink jet deposition, etc.). The targeting of
these applications and the expansion of SPH to the field of AM in general will be a goal of future efforts.
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Appendix A. SPH Beer–Lambert laser absorption model

Typically, the Beer–Lambert model is implemented in a mesh based numerical method by splitting the laser profile
into a grid of cross sections and tracking the penetration and absorption of each cross-section of laser energy as it
transverses through the mesh, along the direction of the beam. This is straightforward to implement in mesh based
numerical methods like FEM or FD but more difficult in mesh-free particles methods. A novel scheme for applying
the Beer–Lambert model of laser penetration, Eq. (31), to an SPH framework was developed in this work. The scheme
uses a binning algorithm to partition the particle masses onto a grid to allow for efficient calculation of the absorbed
laser energy. The energy absorbed by the bins is then transferred back to the particle discretization. This avoids the
need to calculate the intersection of each section of the beam with any potential particles in its path. A 2-D description
of the algorithm is as follows:

1. Overlay a grid, with a spacing size equal to the particle smoothing length, onto the laser affected regions of the
SPH domain (Fig. A.14).

2. Loop over all affected SPH particles and calculate the weight fraction of the particle, wbin
p , in each of its

neighboring bins using a Particle-In-Cell weighting scheme, where
(
Px , Py

)
is the position of the SPH particle

center and
(
Cx , Cy

)
the position of the nearest bin grid point (Fig. A.15):

wbin
p = (1 − |Cx − Px |)

(
1 −

⏐⏐Cy − Py
⏐⏐)

3. Sum all the particle weight fraction contributions to a given bin to calculate the total weight fraction of the bin:

wbin
total =

∑
p

wbin
p
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Fig. A.14. Binning grid overlay.

Fig. A.15. Graphic of PIC-type weighting scheme.

Fig. A.16. Graphic showing translation of particle weights onto the binning grid.

4. Loop over the bins to calculate the volume fraction of the particles in each bin:

V bin
f =

∑
p wbin

p Vp

V bin
tot

5. Loop over columns of bins, from top down, applying a discretized Beer–Lambert Scheme to calculate the laser
power absorbed by a bin, where ∆zbin

i is the height of the i th bin and the volume fraction of the bin, V bin
f , is

used to scale the thickness of the bin (Fig. A.14).

I (zcol) = I0e−
∑

i ai∆zbin
i V f,bin

Pbin = α I (zbin)
∑

p

wbin
p Vp

6. Transfer the power absorbed by a bin to its constituent particles in a weighted fashion. The power for a given
particle, Pp, becomes:

Pp =

∑
bins

Pbin
wbin

p∑
p w

p
bin

7. Calculate the power contribution per unit volume to the particle (see Fig. A.16).

slaser,p =
Pp

Vp
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Fig. C.17. Flow chart of computer implementation of the SPH method described in this work.

Appendix B. Time integration schemes

Details of the time integration schemes used in this work to solve the governing Thermal and Mechanical Field
PDEs are given below. A second order explicit leap-frog time integration scheme is used to solve the Navier–Stokes
equations. A separated form of the leap-frog scheme which allows for time step adaptation is used:

at
=F

(
ut , rt)

ut+ 1
2 =ut− 1

2 + ∆t · at

rt+1
=rt

+ ∆t · ut+ 1
2

ut+1
=ut+ 1

2 +
1
2
∆t · at

(B.1)

An implicit, midpoint discretization is used to integrate the non-linear Thermal Field PDE (Eq. (35)). The implicit
nature of the solver is necessary to handle the non-linearity of the thermal field. The discretization is solved through
a fixed-point iterator as described by Tarek Zohdi [41]. The iterative solve allows for matrix free operations which
are trivially parallelizable. This is a key necessity when working with low order particle methods. The scheme is as
follows:

Algorithm 1 Fixed-Point Iterator Scheme

1: while
( (

T (t+∆t)i+1
−T (t+∆t)i

)
T (t)

)
> tol do

2: T (t + ∆t)i+1
= T (t) +

∆t
2

[
G
(
T (t + ∆t)i , t + ∆t

)
+ G (T (t) , t)

]
3: G

(
T (t + ∆t)i+1 , t + ∆t

)
=

[
1
ρc (τ : ∇u + ∇ (k · ∇T ) + slaser + srad .)

]
t+∆t

4: i = i + 1
5: end while
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The adaptive-time stepping framework described by Zohdi [41] was not used in this work but will be implemented
in future models.

Appendix C. Code implementation

The numerical method described in this work was implemented in C++ using an object-oriented framework for
easier method development. Simulations were preformed on a MacBook Pro Laptop (2012) with 2.9 GHz Intel Core
i7 processor and 8 GB of RAM. A flow-chart of the computer implementation of the numerical model developed in
this work is shown in Fig. C.17. ParaView [42] was used for data visualization.
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