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Abstract
A technique based on voxel (3D ‘‘volume pixels’’) representation of microstructures and corresponding digital solution

methods is developed for representative volume element type calculations, which avoids computationally expensive steps

involved in usual Finite Element procedures such as topologically conforming meshing, mapping, volume integration,

stiffness matrix generation and matrix-based solution methods. The process proceeds by converting the material

microstructure into voxels. The problem then becomes ‘‘digital’’ on a regular ‘‘voxel-grid’’, directly manipulating voxel

values, allowing extremely fast methods to be used to construct derivatives and the solve the system. In this paper, we

illustrate the process of voxelization, derivative construction and solution, and also supply an analysis of the operation

counts. Numerical examples are provided to illustrate the approach.

1 Voxel Based Computation

In many methods that analyze micro-heterogeneous mate-

rials, the computation of the response of multiple repre-

sentative volume elements (RVE) of heterogeneous

materials are required. The RVE domain is usually taken to

be cubical, but contains complex microstructure, for

example randomly distributed particulates representing

functionalizing dopants in a binding matrix material. Two

frequent applications where this occurs are:

• Material design optimization, where the microstruc-

tures are constantly being changed during the search

process. Usually, the Finite Element Method (FEM) is

the default method used for such an analysis.

• Multiscale methods, where the FEM is used on the

macroscale and then it is also used on microscale RVE-

like problems which are solved at select locations

throughout the domain. This is sometimes referred to as

FE2.

The fundamental problem is that the FEM is computa-

tionally expensive for microscale problems with a cubical

RVE domain, due to the ‘‘ingredients’’ involved in the

usual Finite Element process: meshing, mapping, volume

integration, stiffness matrix generation and matrix-based

solution methods. This computational expense is even

more unwarranted when there is an interest in time-de-

pendent regimes. An alternative family of techniques that

is naturally suited for these types of problems are so-called

‘‘Digital/Voxel-Image’’ methods, which convert the mate-

rial microstructure into voxels (3D ‘‘volume pixels’’; see

Figs. 1, 2, 3, 4, 5). The problem then becomes ‘‘digital’’ on

a regular ‘‘voxel-grid’’, directly manipulating voxel values.

Extremely fast methods can then be used to construct

derivatives and the solve the system.

The use of volume pixels, so-called ‘‘voxels’’ ([9]), is

widespread in the visualization and analysis of medical and

scientific data ([4]) and in the video-gaming industry. The

well-known video-game ‘‘Outcast’’, and others in the

1990s employed this graphics technique for effects such as

reflection and bump-mapping and usually for terrain ren-

dering, although other techniques have overtaken it as the

method of choice. However, the most widely used appli-

cation of a voxel is to represent material properties. For

example, in CT scans, so-called Hounsfield units are used

which measure the opacity of material to X-rays Novelline

[26]. There are approximately 30 different types of values

acquired from MRI or ultrasound. Thus, in many cases, the

voxels are already supplied, and it makes little sense to

employ the usual Finite Element machinery: topologically
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conforming meshing, mapping, volume integration, stiff-

ness matrix generation, etc. In this paper, we illustrate the

process of voxelzation, derivative construction and solution

methods. Additionally, we also supply an analysis of the

operation counts. Numerical examples are provided to

illustrate the approach.

2 Model Problem: Time-Dependent Stress
Evolution

2.1 Balance of Linear Momentum

We consider a balance of linear momentum governed by

Fig. 1 Left: a material

microstructure and Right: a

voxel representation of the

microstructure

Fig. 2 PARTICLES AND MATRIX-sequentially finer voxel representations of slightly overlapping particles in a matrix: for 41 � 41 �
41 ð206763DOFÞ voxel-mesh, for 61 � 61 � 61 ð680943DOFÞ voxel-mesh and for 81 � 81 � 81 ð1594323DOFÞ voxel-mesh

Fig. 3 JUST MATRIX-sequentially finer voxel representations: for 41 � 41 � 41 ð206763DOFÞ voxel-mesh, for 61 � 61 � 61 ð680943DOFÞ
voxel-mesh and for 81 � 81 � 81 ð1594323DOFÞ voxel-mesh
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rx � rþ f ¼ q
d2u

dt2
; ð2:1Þ

in regimes where infinitesimal deformations are appro-

priate, where r is the Cauchy stress, f are body forces, q is

the material density and u is the displacement. Consistent

with the infinitesimal deformation approximation we write

rx � rX and
dðÞ
dt

� oðÞ
ot
jX , where X are the referential

coordinates, x are the current coordinates. We consider a

linearly-elastic constitutive law given by

r ¼ IE : �; ð2:2Þ

which under infinitesimal deformation framework the bal-

ance of linear momentum becomes (q � qo)

rx � ðIE : �Þ þ f ¼ q
o2u

ot2
ð2:3Þ

with infinitesimal strains given by � ¼ 1
2
ðrxuþ ðrxuÞTÞ.

Remark Towards the end of the paper, we discuss the

application of the presented methods to more complex

problems.

2.2 Spatial Discretization

Numerically, the components of the gradient of u are

approximated by central finite difference stencils of the

basic form:

oui

oxj
jx �

uiðxj þ DxjÞ � uiðxj � DxjÞ
2Dxj

ð2:4Þ

for each of the ðx1; x2; x3Þ-directions, in order to form the

terms needed in rxu and rx � r. This is a second-order

accurate stencil. For a generic second order scheme spatial

derivative for an arbitrary component of stress (rij) in the xj
direction is (no repeated sum)

orij
oxj

jxj �
rijðxj þ Dxj

2
Þ � rij xj � Dxj

2

� �

Dxj
; ð2:5Þ

where generically, for example with an arbitrary material

coefficient AðxjÞ ¼ kðxjÞ or AðxjÞ ¼ lðxjÞ:

Fig. 5 JUST INTERFACES-sequentially finer voxel representations: for 41 � 41 � 41 ð206763DOFÞ voxel-mesh, for 61 � 61 �
61 ð680943DOFÞ voxel-mesh and for 81 � 81 � 81 ð1594323DOFÞ voxel-mesh

Fig. 4 JUST PARTICLES-sequentially finer voxel representations: for 41 � 41 � 41 ð206763DOFÞ voxel-mesh, for 61 � 61 �
61 ð680943DOFÞ voxel-mesh and for 81 � 81 � 81 ð1594323DOFÞ voxel-mesh
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A
oui

oxj

� �
j

xjþ
Dxj

2

� � � A xj þ
Dxj
2

� �
uiðxj þ DxjÞ � uiðxjÞ

Dxj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
oui
oxj
j
xjþ

Dxj
2

ð2:6Þ

and

A
oui

oxj

� �
jðxj�Dxj

2
Þ � A xj �

Dxj
2

� �
uiðxjÞ � uðxj � DxjÞ

Dxj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
oui
oxj
j
xj�

Dxj
2

ð2:7Þ

where

A xj þ
Dxj
2

� �
� 1

2
ðAðxj þ DxjÞ þ AðxjÞÞ; ð2:8Þ

and

A xj �
Dxj
2

� �
� 1

2
ðAðxjÞ þ Aðxj � DxjÞÞ: ð2:9Þ

These approximations are made for all components and

combinations in rx � r appearing in the field equation:

q
ov1

ot
¼ or11

ox1

þ or12

ox2

þ or13

ox3

þ f1

q
ov2

ot
¼ or21

ox1

þ or22

ox2

þ or23

ox3

þ f2

q
ov3

ot
¼ or31

ox1

þ or32

ox2

þ or33

ox3

þ f3:

ð2:10Þ

The mixed derivatives are derived in a similar manner. The

mathematical representation of the derivatives can be

summarized in the following manner:

1. VOXEL-GRADIENT

A
oui

ox1

� Aðx1; x2; x3Þ

uiðx1 þ Dx1; x2; x3Þ � uiðx1 � Dx1; x2; x3Þ
2Dx1

2. VOXEL-LAPLACIAN

o

ox1

A
oui

ox1

� �
�

A oui
ox1

� �
j
x1þDx1

2 ;x2;x3
� A oui

ox1

� �
j
x1�Dx1

2 ;x2;x3

Dx1

¼ 1

Dx1

A x1 þ
Dx1

2
; x2; x3

� �	

uiðx1 þ Dx1; x2; x3Þ � uiðx1; x2; x3Þ
Dx1

� �#

� 1

Dx1

A x1 �
Dx1

2
; x2; x3

� �	

uiðx1; x2; x3Þ � uiðx1 � Dx1; x2; x3Þ
Dx1

� �#

3. VOXEL-CROSS DERIVATIVE

o

ox2

A
oui

ox1

� �
� o

ox2�
Aðx1; x2; x3Þ

uiðx1 þ Dx1; x2; x3Þ � uiðx1 � Dx1; x2; x3Þ
2Dx1

� ��

� 1

4Dx1Dx2

ðAðx1; x2 þ Dx2; x3Þ

uiðx1 þ Dx1; x2 þ Dx2; x3Þ½
�uiðx1 � Dx1; x2 þ Dx2; x3Þ�
� Aðx1; x2 � Dx2; x3Þ

uiðx1 þ Dx1; x2 � Dx2; x3Þ½
�uiðx1 � Dx1; x2 � Dx2; x3Þ�Þ

4. VOXEL-INTERFACE VALUE

Aðx1 �
Dx1

2
; x2; x3Þ �

1

2
Aðx1 � Dx1; x2; x3Þ þ Aðx1; x2; x3Þð Þ

Remark To illustrate second-order accuracy, consider a

Taylor series expansion for an arbitrary function u

uðxþ DxÞ ¼ uðxÞ þ ou

ox
jxDxþ

1

2

o2u

ox2
jxðDxÞ

2

þ 1

6

o3u

ox3
jxðDxÞ

3 þOððDxÞ4Þ
ð2:11Þ

and

uðx� DxÞ ¼ uðxÞ � ou

ox
jxDxþ

1

2

o2u

ox2
jxðDxÞ

2

� 1

6

o3u

ox3
jxðDxÞ

3 þOððDxÞ4Þ
ð2:12Þ

Subtracting the two expressions yields

ou

ox
jx ¼

uðxþ DxÞ � uðx� DxÞ
2Dx

þOððDxÞ2Þ: ð2:13Þ

All other derivatives follow from this basic process, which

is relatively standard in the Finite Difference community.

2.3 Pictorial Representation

An analogous pictorial representation of the mathematical

expressions of the derivatives of an arbitrary function u are

(Figs. 6, 7, 8):

• (1)VOXEL GRADIENT A ou
ox

= SUM VOXELS � 1
2Dx

• (2)VOXEL LAPLACIAN o
ox

A ou
ox

� �
= SUM VOXELS

� 1

ðDxÞ2

• (3)VOXEL CROSS-DERIVATIVE o
ox2

A ou
ox1

� �
= SUM

VOXELS � 1
4Dx1Dx2
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Remark At the length-scales of interest, it is questionable

whether the ideas of a sharp material interface are justified.

Accordingly, later, we simulated the system with and

without Laplacian smoothing, whereby one smooths the

material data by post-processing the original material data,

voxel by voxel, to produce a smoother material represen-

tation, for example, for the shear modulus, l̂ (using the

previous voxel approximations):

r2
xl ¼ 1

ðDxiÞ2
liþ1;j;k � 2li;j;k þ li�1;j;k

� �

þ 1

ðDxjÞ2
li;jþ1;k � 2li;j;k þ li;j�1;k

� �

þ 1

ðDxkÞ2
li;j;kþ1 � 2li;j;k þ li;j;k�1

� �
¼ 0

ð2:14Þ

which yields a smoother value of li;j;k, denoted l̂i;j;k, given

by

r2
xl ¼0 ) l̂i;j;k ¼

1

6
liþ1;j;k þ li�1;j;k þ li;jþ1;k

�

þ li;j�1;k þ li;j;kþ1 þ li;j;k�1

�
:

ð2:15Þ

The same process was applied to the Lame parameter by

enforcing r2
xk ¼ 0, as well as for any other material data.

The simulations were run with and without data smoothing,

with the results being negligibly different for sufficiently

fine voxel-meshes. Thus, for any material parameter, AðxÞ,
we postprocess/enforce:

r2
xA ¼0 ) Âi;j;k ¼

1

6
Aiþ1;j;k þ Ai�1;j;k þ Ai;jþ1;k

�

þAi;j�1;k þ Ai;j;kþ1 þ Ai;j;k�1

�
:

ð2:16Þ

2.4 Temporal Discretization

For the mechanical field (infinitesimal deformation for-

mulation) we write

dv

dt
¼ ov

ot
¼ 1

q
rx � rþ fð Þ¼def

W: ð2:17Þ

We discretize for time=t þ /Dt, and using a trapezoidal

‘‘/� scheme’’ (0�/� 1, see ‘‘Appendix 1’’)

vðt þ DtÞ � vðtÞ
Dt

�Wðt þ /DtÞ

�/Wðt þ DtÞ þ ð1 � /ÞWðtÞ:
ð2:18Þ

Rearranging, yields

vðt þ DtÞ � vðtÞ þ Dt /Wðt þ DtÞ þ ð1 � /ÞWðtÞð Þ
ð2:19Þ

where the previously introduced spatial discretization is

applied to the terms in W (rx � r). Since this is a second-

order system, the procedure is then repeated to determine

the displacement field u (see ‘‘Appendix 1’’)

uðt þ DtÞ ¼ uðtÞ þ vðt þ /DtÞDt
¼ uðtÞ þ /vðt þ DtÞ þ ð1 � /ÞvðtÞð ÞDt;

ð2:20Þ

or more explicitly

uðt þ DtÞ ¼ uðtÞ þ vðtÞDt þ /ðDtÞ2Wðt þ /DtÞ: ð2:21Þ

The term Wðt þ /DtÞ can be handled in two main ways:

• Wðt þ /DtÞ � Wð/uðt þ DtÞ þ ð1 � /ÞuðtÞÞ or

• Wðt þ /DtÞ � /Wðuðt þ DtÞÞ þ ð1 � /ÞWðuðtÞÞ.

+A(i)u(i+1)−A(i) 0u(i−1)

Fig. 6 VOXEL GRADIENT A ou
ox

= SUM VOXELS � 1
2Dx

+A(i+1/2)

u(i) u(i+1)

u(i)u(i−1)

* *

**

0

0

−A(i+1/2)

−A(i−1/2)+A(i−1/2)

Fig. 7 VOXEL LAPLACIAN o
ox

A ou
ox

� �
¼ SUM VOXELS � 1

ðDxÞ2

+A(i,j−1)

* *

**

u(i+1,j+1)u(i−1,j+1)

u(i−1,j−1) u(i+1,j−1)

0

0

00

0

−A(i,j+1) +A(i,j+1)

−A(i,j−1)

Fig. 8 VOXEL CROSS-DERIVATIVE o
ox2

A ou
ox1

� �
¼ SUM VOXELS

� 1
4Dx1Dx2
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The differences are quite small between either formulation

(both exhibiting similar orders of error) and we choose the

latter. Therefore,

uðt þ DtÞ ¼ uðtÞ þ vðtÞDt
þ /ðDtÞ2 /Wðt þ DtÞ þ ð1 � /ÞWðtÞð Þ:

ð2:22Þ

When / ¼ 1, then this approach can be considered to be a

(implicit) Backward Euler scheme, which is very

stable (very dissipative) and OððDtÞ2Þ locally in time,

while if / ¼ 0, the scheme can be considered as a (explicit)

Forward Euler scheme, which is conditionally stable and

OððDtÞ2Þ locally in time. If / ¼ 0:5, then the scheme can

be considered as a (implicit) Midpoint scheme, which is

marginally stable and OððDtÞ3Þ locally in time.

Remark The extension of the preceding procedures to

finite deformation problems is rather straightforward and

can be achieved by performing the presented calculations

for the field equations in the reference configuration (X)

rX � Pþ fJ ¼ q0

dv

dt
or rX � ðF � SÞ þ fJ ¼ q0

dv

dt
;

ð2:23Þ

where F is the Deformation Gradient (J ¼ detF), P ¼
r � F�TðdetFÞ is the First Piola-Kirchhoff stress and S ¼
JF�1 � r � F�T is the Second Piola-Kichhoff stress.

3 Operation Counts in a Voxel-Based
Method

The cost of constructing an array for a temporal update

using a voxel calculation is:

• M � V , where V is the number of voxels and M ¼
Oð10Þ is, associated with summing up the terms needed

to construct r � r. Specifically, there are nine deriva-

tives of the components of r, needed in

q ov
ot
¼ r � rþ f , explicitly:

q
ov1

ot
¼ or11

ox1

þ or12

ox2

þ or13

ox3

þ f1

q
ov2

ot
¼ or21

ox1

þ or22

ox2

þ or23

ox3

þ f2

q
ov3

ot
¼ or31

ox1

þ or32

ox2

þ or33

ox3

þ f3:

ð3:1Þ

To construct each component of r one must perform

four operations. Thus, M ¼ 36 operations in total.

• Thus, K �M � V � 36KV , is the total count per time-

step, where K is the number of iterations in a time step.

The cost of constructing an array for temporal update using

an FEM calculation is associated with (1) meshing the

microstructure (mappings, etc) (2) numerically integrating

the weak form (3) generating a stiffness matrix and (4)

solving a system of equations. Specifically ([47]):

• Construction of the stiffness matrix P� E, where E is

the number of elements and P ¼ Oð3000Þ stems from

mapping and integrating the terms needed to construct

the stiffness matrix associated with the weak form of

r � r (of order Oð10Þ), of which there are 300 entries in

a (symmetric) linear elasticity element stiffness matrix

(linear hexahedra), yielding P ¼ 300 � 10 ¼ 3000.

• Iterative solution I � Q, where I is the number of

iterations associated with, for example, a Conjugate-

Gradient solver and Q is the cost of a matrix-vector

multiplication. Q is on the order of Nq, where Nq is the

number of nodes in the system and 1\q� 2. For

example, for linearized elasticity, using an element-by-

element multiplier (not counting preconditioning), for

linearized elasticity and using linear hexahedra,

Q ¼ 300N. Thus, I � Q � 300IN.

• Thus, a comparison of the total operation counts

between the Voxel method and FEM is roughly

Voxel

FEM
� 36KV

3000E þ 300IN
: ð3:2Þ

Equation 3.2 clearly shows the favorable ratio of

operation counts of the voxel approach relative to FEM.

In more complex (nonlinear) problems, where the

stiffness matrix would have to be reformed after each

interation, the term 3000E would need to be multiplied

by I.

4 Iterative Staggering Scheme

We now present a staggering scheme, extending an

approach found in the work of Zohdi [38, 39, 40, 42, 44].

The general methodology is as follows (at a given time

increment): (1) each equation is solved individually,

‘‘freezing’’ the other (coupled) equations in the system,

allowing only the current equation to be active and (2) after

the solution of each equation, the variable is updated, and

the next equation is treated in a similar manner. For an

‘‘implicit’’ type of staggering, the process can be repeated

in an iterative manner, while for an ‘‘explicit’’ type, one

moves to the next time step after one ‘‘pass’’ through the

system. We will employ implicit staggering. Specifically,

for the system under consideration, consider an abstract

setting, whereby one solves for a voxel’s value, assuming

the other voxel values are fixed (L is a time-step counter

and K is a staggering-step counter),

T. I. Zohdi
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AðuLþ1;K
i Þ ¼ B uLþ1;K�1

i ; uLþ1;K�1
j ; j ¼ 1; 2. . .N; j 6¼ i

� �

ð4:1Þ

where the only underlined voxel variable is ‘‘active’’ at that

stage of the process (Fig. 9). Within the staggering (itera-

tive) scheme, implicit time-stepping methods (with time

step size adaptivity) will be used throughout the upcoming

analysis. The process is driven by minimizing a nondi-

mensional iterative coupling error within a time-step (dif-

ference between successive iterations). A tolerance check

determines whether the iterations should continue, or if the

time steps should be adaptively reduced to increase the rate

of convergence. The time steps can be increased if con-

vergence occurs too quickly, thus allowing larger time-

steps and faster simulations for a given iterative error tol-

erance. The details of this process are discussed shortly.

Generally speaking, if a recursive staggering process is not

employed (an explicit coupling scheme), the staggering

error can accumulate rapidly. However, simply employing

extremely small time steps, smaller than needed to control

the discretization error, in order to suppress a (nonrecur-

sive) staggering process error, can be computationally

inefficient. Therefore, ideally one would want to adaptively

adjust the time step size in order to control the staggering

error, while simultaneously staying below a critical time

step size needed to control the discretization error. In the

‘‘Appendix’’, such an approach, based on Zohdi

[38, 39, 40, 42, 44] is provided.

Remark Staggering schemes are widely used in the

computational mechanics literature, dating back, at least, to

Zienkiewicz [36] and Zienkiewicz et al. [37]. For in depth

overviews, see the works of Lewis and Schrefler ([20, 21])

and a series of works by Schrefler and collaborators:

Schrefler [28], Turska and Schrefler [32], Biano et al [3]

and Wang and Schrefler [33].

5 The Overall Solution Scheme

In order to construct a solution, the following nondimen-

sional error metric for the mechanical field will be used

(where we assume that the denominator is nonzero)

-K¼def jjuLþ1;K � uLþ1;K�1jj
jjuLþ1;K � uLjj ; ð5:1Þ

where explicitly

jjuLþ1;K � uLþ1;K�1jj

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XNx

i

XNy

j

XNz

k

u
Lþ1;K
x;i;j;k � u

Lþ1;K�1
x;i;j;k

� �2

þ u
Lþ1;K
y;i;j;k � u

Lþ1;K�1
y;i;j;k

� �2

þ u
Lþ1;K
z;i;j;k � u

Lþ1;K�1
z;i;j;k

� �2
� �vuut

ð5:2Þ

The algorithm is as follows:

• (1) Spatio-temporal discretization Construct derivative

terms such as

ouðxÞ
ox

� uðxþ DxÞ � uðx� DxÞ
2Dx

; etc ð5:3Þ

and insert into the governing equations. This leads to a

system of coupled equations, for each voxel [(i, j, k) in

Fig. 9], which are cast in the following (implicit/re-

cursive) form [which are a reformulation of the abstract

system Eq. 4.1]

uðt þ DtÞ ¼ Fðuðt þ DtÞÞ: ð5:4Þ

• (2) System staggering Compute u-field and iterate at

time interval Lþ 1, K ¼ 1; 2. . . for

uLþ1;K ¼ FðuLþ1;K�1Þ: ð5:5Þ

Solving each of the above Eq. (5.5), with the others

fixed, can be achieved in a variety of ways, for example

iteratively or by direct (Gaussian-type) solution meth-

ods (Fig. 9). However, clearly, a preference has to be

made for iterative methods, since one can use the

previous converged time-step solution as the starting

guess for the time-step in addition to the fact that no

matrix equations have to be formed or solved.

VOXELS

ITERATE

UPDATE
VALUES ALREADY

COMPUTED

COMPUTED(UNKNOWN)
VALUES TO BE

(KNOWN)

Fig. 9 The overall coupled

staggering (left) solution and the

matrix-free approach using a

moving front (right)
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Generally speaking, the solution to the individual

equations progresses in a voxel by voxel fashion

whereby, at a voxel (i, j, k), for example, one has, for

each voxel (i, j, k), the velocity update

vLþ1;Kþ1
i;j;k ¼vLi;j;k þ

Dt
qi;j;k

/ r � rLþ1;K
i;j;k þ fLþ1;K

i;j;k

� ��

þð1 � /Þ r � rLi;j;k þ f Li;j;k

� ��

ð5:6Þ

and the displacement update

uLþ1;Kþ1
i;j;k ¼ uLi;j;k þ Dt /vLþ1;K

i;j;k þ ð1 � /ÞvLi;j;k
� �

;

ð5:7Þ

where the term on the lefthand side is updated and the

terms on the right are previous iteration’s (old) values,

as well as terms from the previous time step. This

entails using the old values for all finite difference

stencils that eventually become updated only after the

algorithm completely traverse through the system,

updating values, voxel by voxel (no matrices need to be

formed, see Fig. 9). There exist many methods to

accelerate such computations, such as Successive Over-

Relaxation, based on the pioneering work of Young

[35]. For reviews, see Ames [1] or Axelsson [2]. Note

that for a voxel calculation the other voxel values are

instantaneously fixed, and are updated only when it is

to be solved, in the staggered manner (Fig. 9). This is a

Gauss-Siedel method. Alternatively, one could use a

Jacobi-type scheme, whereby the updates are made

only after one complete system iteration, which is

easier to address theoretically, as opposed to a Gauss-

Seidel type method, which involves immediately using

the most current values, when they become available.

The Jacobi method is easily parallelizable, if desired. In

other words, the calculation for each voxel is (mo-

mentarily) uncoupled, with the updates only coming at

the end of an iteration. Gauss-Seidel, couples the voxel

calculations immediately, since it requires the most

current updates.

• (3) Compute error measure -	;K (summing for all

i ¼ 1, 2,..., voxels, in the system.

• (4a) If tolerance is met, -	;K �Ctol and K�Kd; then

(i) Increment time forward: t ¼ t þ Dt;

(ii) Construct new time step: ðDtÞnew ¼ UKðDtÞold
,

where UK¼
def

Ctol

-	;0

� � 1
pKd

-	;K
-	;0

� � 1
pK

 !

(iii) Select Dt ¼ minððDtÞlim;DtÞ and go to (1)

• (4b) If tolerance is not met, -	;K [Ctol and K ¼ Kd,

then construct (refine) new time step

ðDtÞnew¼def
UKðDtÞold

where UK¼
def

Ctol

-	;0

� � 1
pKd

-	;K
-	;0

� � 1
pK

 !
; and go to

(1). This time-scaling relation is derived in

‘‘Appendix 1’’.

At a given time, once Step 4 is complete, then the time is

incremented forward and Steps 1–4 are repeated. The

overall goal is to deliver solutions where the iterative error

is controlled and the temporal discretization accuracy

dictates the upper limit on the time step size (Dtlim).

Clearly, there are various combinations of solution meth-

ods that one can choose from. For example, for the overall

coupling, one may choose implicit or explicit staggering

and within the staggering process, either implicit

(0\/� 1) or explicit time-stepping (/ ¼ 0), and, as

mentioned previously in the case of implicit time-stepping,

iterative or direct solvers for the balance of linear

momentum (Fig. 9).

Algorithmic observation It is important to emphasize

that one should use the previous (converged) time step’s

solution as the starting guess for the next time step to

obtain a ‘‘head-start’’ ðuK¼0ðt þ DtÞ ¼ uðtÞÞ. When

selecting a time step, one must balance accuracy concerns

and, simultaneously, stability issues.1 The smaller the time-

step, the more stable the solution process, however, more

time steps implies more system evaluations. This type of

iterative (‘‘implicit staggering’’) scheme is often used in

multifield problems. In those types of problems, as the

physics changes, the field that is most sensitive (exhibits

the largest amount of relative nondimensional change)

dictates the time-step size. Because the internal system

solvers within the staggering scheme are also iterative and

use the previously converged solution as their starting

value to solve the system of equations, a field that is rel-

atively insensitive at a given stage of the simulation will

converge in very few internal iterations (perhaps even one

iteration).

6 Numerical Examples

As a model problem, we consider a group of particles

embedded in a continuous matrix phase. We generated a

group of Np randomly dispersed spherical particles, of

equal size, embedded in a cubical domain of dimensions,

D� D� D. The particle size was determined by a particle/

sample size ratio, which was defined via a subvolume size

1 Typically, the number of iterations needed to solve the coupled

system, if an iterative scheme is used, increases with the time step size

and the value of /.
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V¼def D�D�D
Np

expression. The non-dimensional ratio between

the particle radii (b) and the subvolume was denoted by

L¼def b

V
1
3

. The volume fraction occupied by the particles

consequently can be written as vp¼
def 4pL3

3
. Thus, the total

volume occupied by the particles denoted f, can be written

as f ¼ vpNpV . Large values of f[ 0:5 allows for overlap.

We used Np ¼ 100 particles (Fig. 11). This sample size

was arrived at by successively enlarging sample sizes until

there were no significant changes in the overall system

response for further enlargements. The classical random

sequential addition algorithm was used to place nonover-

lapping particles randomly into the domain of interest

(RSA; [34]). The particles were then enlarged from those

locations and allowed to overlap.

Remark For higher volumes fraction during the first phase

of this algorithm (particle placement), more sophisticated

algorithms, such as the equilibrium-based, Metropolis

algorithm can be used or methods based on simultaneous

particle flow and growth, found in Torquato [31], Kansaal

et. al [19] and Donev et. al [6–8].

6.1 Sample Size Selection

In order to select a suitable sample that is statistically

representative (a RVE), we employ a ‘‘framing’’ method,

whereby the boundary conditions are applied to the

boundary of a sample (Fig. 10), and an interior subsample

is used to probe what the material would experience

without the direct influence of the applied boundary con-

ditions. This approach avoids introducing boundary layer

effects into the interior response. For more details, see

Zohdi [42, 43]. An implementation of a ‘‘framing’’

approach is as follows:

• STEP (1) Generate a sample with a certain number of

particles in its interior,

• STEP (2) For the effective property calculation (aver-

aging), select a subsample (‘‘a sub-box’’, Fig. 10) in the

interior (to avoid boundary layer effects that arise from

the imposition of boundary conditions),

• STEP (3) Repeat STEPS (1) and (2) for different

random realizations for a given sample size, and

average the resulting response to determine a mean

value,

• STEP (4) Repeat STEPS (1)–(3) for a larger sample,

• STEP (5) Continue the process [STEPS (1)–(4)] until

the response ceases to change to within an

acceptable tolerance.

For a more in-depth discussion on size-effect issues, see the

works of Zohdi [38, 39, 41–43].

6.2 Numerical Examples

As an example, we used the time for information to tra-

verse the length of the sample by estimating the time for a

wave to travel from one end of the sample to the next:

cmax ¼ max
k2 þ 2

3
l2

q2

;
k1 þ 2

3
l1

q1

� �
; ð6:1Þ

then estimating the travel time:

Tw ¼ D

cmax
; ð6:2Þ

where D is the domain size. As an example, the following

parameters were used:

• total time, T ¼ 10 � Tw s,

• initial time step size, Dt ¼ 0:1 � Dx
cmax

s,

• maximum time step size, Dt ¼ Dx
cmax

s,

• displacement loading on all sides u ¼ A � x, where

A11 ¼ 0:001 m and Aij ¼ 0 m otherwise,

• dimensions of the sample, 0:001m � 0:001m � 0:001m,

• particles in the sample, Np ¼ 100,

• matrix density, q1 ¼ 1000 kg=m3,

• matrix material parameters, k1 ¼ 10 GPa, l1 ¼ 5 GPa,

• relative density, q2r ¼ q2

q1
¼ 2,

• relative Lame parameter, k2r ¼ k2

k1
¼ 10,

• relative shear modulus, l2r ¼ l2

l1
¼ 10,

• a time stepping factor / ¼ 0:5 (mid-point rule),

• a length scale of the particles of f ¼ 0:45,

FRAMING FOR AVERAGING

Fig. 10 Framing: we employ a ‘‘framing’’ method, whereby the

boundary conditions are applied to the boundary of a sample and an

interior subsample is used to probe what the material would

experience without the direct influence of the applied boundary

conditions
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• an overlapping length scale of the particles of

0:15 � ðRi þ RjÞ,
• the number of desired iterations per time step set to

Kd ¼ 5, along with a coupling/staggering tolerance of

Ctol ¼ 10�2.

Throughout the computations, the spatial discretization

voxel-meshes were repeatedly refined until the solutions

did not exhibit any more sensitivity to further refinement of

the grid-spacing. We started with voxel-meshes such as a

41 � 41 � 41 voxel-mesh, arising from having a cubical

voxel-mesh with 20 voxels from the centerline plane of

symmetry and one voxel in the middle, and then repeatedly

refined. The graphics depict this three-voxel-mesh

sequence:

1. Voxel-Mesh # 1 A 41 � 41 � 41 voxel-mesh, which

has 206,783 DOF for the mechanical field,

2. Voxel-Mesh # 2 A 61 � 61 � 61 voxel-mesh, which

has 680,943 DOF for the mechanical field,

3. Voxel-Mesh # 3 A 81 � 81 � 81 voxel-mesh, which

has 1,594,322 DOF for the mechanical field.

Approximately between a 61-level and a 81-level voxel-

mesh, the results stabilized, indicating that the results are

essentially free of any appreciable numerical error. All

numerical results are shown in Figs. 11 and 12. At the

length-scales of interest, it is questionable whether the

concept of a sharp material interface are justified.

Accordingly, we simulated the system with and without

Laplacian smoothing for r2
xl ¼ 0 and r2

xk ¼ 0, as well as

for any other material data. The simulations were run with

and without data smoothing, with the results being negli-

gibly different for sufficiently fine voxel-meshes. In par-

ticular, Figs. 1, 2, 3, 4 and 5 depict the microstructure

showing the contact area (only illustrating one of the

phases), while Fig. 11 shows successive frames of the

deviatoric stress 25% into the interior of the sample. Fig-

ure 12 illustrates the two metrics that a materials designer

would be interested in quantifying: the average deviatoric

stress and the average pressure.

The solution converges with successively finer voxels,

with no appreciable changes beyond a 61 � 61 � 61 voxel-

mesh. In Fig. 13, the variation of the time step size (nor-

malized by the starting time step size) is depicted. The size

of the time steps were purposely started quite small and

given an enlargement cap of 10 times in magnitude. This

allows the system to slowly evolve to capture any transient

behavior. During the bulk of the computation, the large

steps were warranted (the time-step size evolved), as dic-

tated by the physics and the adaptive algorithm. For other

material selections and loading regimes, other adaptivity

modes can occur.

All simulations were run on a standard laptop requiring

minimal memory requirements. It is important to stress that

it is virtually impossible to determine a-priori whether the

initial time step is adequate to meet a tolerance and whe-

ther adaptivity is needed. Note that we can use this

scheme for any (trapezoidal) value of 0�/� 1. Time-step

size adaptivity is important, since the solution can drasti-

cally change over the course of time, possibly requiring

quite different time step sizes to control the iterative

(staggering) error. However, to maintain the accuracy of

the time-stepping scheme, one must respect an upper bound

dictated by the discretization error, i.e., Dt�Dtlim. The

example shown was simply to illustrate the overall process.

Remark While our stated focus is the evolution of stresses

in the material, a by-product of the analysis overall effec-

tive mechanical stiffness relation defined by

hriX ¼ F	ðh�iXÞ; ð6:3Þ

where h�iX¼
def 1

jXj
R
X � dX, where F	 is an effective response

function. There are a variety of estimates for effective

responses in many fields. We refer the reader to Hashin and

Shtrikman [12] based on variational principles using the

concept of polarization tensor fields (filtering/separation of

micro-macro scales) and numerical techniques to extract

the effective response of such materials ([41]). Estimates

for the effective properties of heterogeneous materials date

back over 150 years to Maxwell [22, 23] and Rayleigh

[27]. For a relatively recent and thorough analysis of a

variety of classical approaches, such as the ones briefly

mentioned here, see Torquato [31] for general interdisci-

plinary discussions, Jikov et al. [15] for more mathematical

aspects, Hashin [13], Mura [24], Nemat-Nasser and Hori

[25] for solid-mechanics inclined accounts of the subject,

for analyses of defect-laden, porous and cracked media, see

Kachanov [16], Kachanov et al. [17], Kachanov and

Sevostianov [18], Sevostianov et al. [29], Sevostianov and

Kachanov [30], and for computational aspects see Ghosh

[10], Ghosh and Dimiduk [11], Zohdi and Wriggers [41]

and Zohdi [43].

7 Summary and Extensions

In summary, many methods which analyze micro-hetero-

geneous materials require computation of the response of

multiple statistically-representative volume elements

(RVE) of materials. This domain is usually cubical, but

contains complex microstructure, for example randomly

distributed particulates representing functionalizing

dopants in a binding matrix material. It is nearly
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Fig. 11 From left to right and top to bottom: the evolution of the deviatoric stress (in gigapascals) using an 81 � 81 � 81ð1594323DOFÞ voxel-

mesh
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‘‘automatic’’ in the computational mechanics community to

employ FEM. However, a fundamental problem is that the

FEM is needlessly too computationally expensive for

microscale problems with a cubical RVE domain, because

of the ‘‘ingredients’’ involved in the usual Finite Element

machinery: meshing, mapping, volume integration, stiff-

ness matrix generation and solution methods. This is

compounded when there is an interest in time-dependent

regimes.

An alternative family of techniques that are naturally

suited for these types of problems are so-called ‘‘Digital/

Voxel-Image’’ methods, which convert the material

microstructure into voxels (3D ‘‘volume pixels’’). The

problem then becomes ‘‘digital’’ on a regular grid. Extre-

mely fast methods can then be used to construct derivatives

and the solve the system. In this paper, we illustrated the

process of voxelization, derivative construction and solu-

tion. We also supplied an analysis of the operation counts.

The approach is ideal for use in the development and

design of materials used in, for example, additive manu-

facturing processes, as well as in many other multiscale

methods. Numerical examples were provided to illustrate

the approach. Variants of the technique have been applied

to related problems involving more coupled multiphysics,

such as electro-magneto-thermo-mechano-chemo effects,

in Zohdi [42] whereby one computes the electrical E-field

with the magnetic field H, thermal field h, displacement

field u and chemical field c fixed, then computes H-field

with E, h, u and c fields fixed, etc, and iterates at time

interval Lþ 1, K ¼ 1; 2. . . for (written directly in iterative

implicit form)

ELþ1;K ¼ FðELþ1;K�1;HLþ1;K�1; hLþ1:K�1; uLþ1:K�1; cLþ1:K�1Þ;
ð7:1Þ

and

HLþ1;K ¼ GðELþ1;K ;HLþ1;K�1; hLþ1:K�1; uLþ1:K�1; cLþ1:K�1Þ;
ð7:2Þ

and

hLþ1;K ¼ YðELþ1;K ;HLþ1;K ; hLþ1:K�1; uLþ1:K�1; cLþ1:K�1Þ;
ð7:3Þ

and

Fig. 12 The volumetrically averaged deviatoric stress norm and

pressure for a 41 � 41 � 41ð206763DOFÞ voxel-mesh, a 61 � 61 �
61ð680943DOFÞ voxel-mesh and a 81 � 81 � 81ð1594323DOFÞ

voxel-mesh. Approximately between a 61-level and a 81-level

voxel-mesh, the results stabilized, indicating that the results are

essentially free of any appreciable numerical error

Fig. 13 The time step adaptation for the 61 � 61 � 61ð680943DOFÞ
voxel-mesh simulation. The variation of the time step size (normal-

ized by the starting time step size) is depicted. The size of the time

steps were purposely started quite small and given an enlargement cap

of 10 times in magnitude. This allows the system to slowly evolve to

capture the quite transient behavior. During the bulk of the

computation, the large steps were warranted (the time-step size

evolved), as dictated by the physics and the adaptive algorithm. For

other material selections and loading regimes, other adaptivity modes

can occur
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uLþ1;K ¼ LðELþ1;K ;HLþ1;K ; hLþ1:K ; uLþ1:K�1; cLþ1:K�1Þ;
ð7:4Þ

and

cLþ1;K ¼ CðELþ1;K ;HLþ1;K ; hLþ1:K ; uLþ1:K ; cLþ1:K�1Þ;
ð7:5Þ

where the only underlined variable is active at that stage of

the process. One then computes the maximum of the error

measures -	;K¼def
maxð-K

E ;-
K
H ;-

K
h ;-

K
u ;-

K
c Þ in order to

determine if time-step adaptivity is necessary. Generally,

the methods discussed in this work can be combined to

create hybrid block-partitioned approaches, whereby the

entire domain is partitioned into subdomains and within

each subdomain an iterative method is applied. In other

words, for a subdomain, the values at all voxels from

outside are initially frozen, as far as calculations involving

members of the group are concerned. After each isolated

subdomain’s solution (voxel values) has converged (com-

puted in parallel), then all voxel values are updated, i.e. the

most current values become available to all members of the

grid, and the isolated subdomain calculations are repeated.

Although parallel computation of the introduced algo-

rithms was not pursued in this work, it is currently being

investigated by the author.

Finally, we remark that often the use of lasers, e-beams

and other targeted heating methods is a critical component

to process the types of materials addressed in this paper

([46]), based on methods pioneered by Householder [14] in

1979 and Deckard [5] in the mid-1980’s, as well as on

advanced variants associated with the field of Additive

Manufacturing. Accordingly, using the core matrix-free

voxel approach which was presented in this paper, a series

of works by Zohdi (see cmmrl:berkeley:edu=77 � 2) have

applied these methods across a range of applications in

Advanced Manufacturing, and is
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Appendix 1: Temporally-Adaptive Iterative
Methods

Implicit time-stepping methods, with time step size adap-

tivity, built on approaches found in Zohdi

[38, 40, 42, 44, 45] were used throughout the analysis in

the body of the work. In order to introduce basic concepts,

we consider a first order differential equation for a field W:

_W ¼ KðWÞ; ð9:1Þ

which, after being discretized using a trapezoidal ‘‘/-

method’’ (0�/� 1)

WLþ1 ¼ WL þ Dt /KðWLþ1Þ þ ð1 � /ÞKðWLÞ
� �

: ð9:2Þ

Generally, for systems of equations of this form, a

straightforward iterative scheme can be written as

WLþ1;K ¼ GðWLþ1;K�1Þ þ R; ð9:3Þ

where R is a remainder term that does not depend on the

solution, i.e. R 6¼ RðWLþ1Þ, and K ¼ 1; 2; 3; . . . is the

index of iteration within time step Lþ 1. The convergence

of such a scheme is dependent on the behavior of G.

Namely, a sufficient condition for convergence is that G is a

contraction mapping for all WLþ1;K , K ¼ 1; 2; 3. . . In order

to investigate this further, we define the iteration error as

-Lþ1;K¼defjjWLþ1;K �WLþ1jj: ð9:4Þ

A necessary restriction for convergence is iterative self

consistency, i.e. the ‘‘exact’’ (discretized) solution must be

represented by the scheme

GðWLþ1Þ þ R ¼ WLþ1: ð9:5Þ

Enforcing this restriction, a sufficient condition for con-

vergence is the existence of a contraction mapping

-Lþ1;K ¼jjWLþ1;K �WLþ1jj
¼jjGðWLþ1;K�1Þ � GðWLþ1Þjj

ð9:6Þ

� gLþ1;K jjWLþ1;K�1 �WLþ1jj; ð9:7Þ

where if 0� gLþ1;K\1 for each iteration K, then -Lþ1;K !
0 for any arbitrary starting value WLþ1;K¼0, as K ! 1.

This type of contraction condition is sufficient, but not

necessary, for convergence. Inserting these approximations

into _W ¼ KðWÞ leads to

WLþ1;K � Dt /KðWLþ1;K�1Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GðWLþ1;K�1Þ

þ Dtð1 � /ÞKðWLÞ þWL

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
R

;
ð9:8Þ

whose contraction constant is scaled by g / /Dt. There-

fore, if convergence is slow within a time step, the time

step size, which is adjustable, can be reduced by an

appropriate amount to increase the rate of convergence.

Decreasing the time step size improves the convergence,

however, we want to simultaneously maximize the time-

step sizes to decrease overall computing time, while still

meeting an error tolerance on the numerical solution’s

accuracy. In order to achieve this goal, we follow an
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approach found in Zohdi [38, 40, 42, 44, 45] originally

developed for continuum thermo-chemical multifield

problems in which one first approximates

gLþ1;K � SðDtÞp ð9:9Þ

(S is a constant) and secondly one assumes the error within

an iteration to behave according to

ðSðDtÞpÞK-Lþ1;0 ¼ -Lþ1;K ; ð9:10Þ

K ¼ 1; 2; . . ., where -Lþ1;0 is the initial norm of the iter-

ative error and S is intrinsic to the system.2 Our goal is to

meet an error tolerance in exactly a preset number of

iterations. To this end, one writes

ðSðDttolÞpÞKd-Lþ1;0 ¼ Ctol; ð9:11Þ

where Ctol is a (coupling) tolerance and where Kd is the

number of desired iterations.3 If the error tolerance is not

met in the desired number of iterations, the contraction

constant gLþ1;K is too large. Accordingly, one can solve for

a new smaller step size, under the assumption that S is

constant,

Dttol ¼ Dt

Ctol

-Lþ1;0

� � 1
pKd

-Lþ1;K

-Lþ1;0

� � 1
pK

0
BBBB@

1
CCCCA
: ð9:12Þ

The assumption that S is constant is not critical, since the

time steps are to be recursively refined and unrefined

throughout the simulation. Clearly, the expression in

Eq. (9.12) can also be used for time step enlargement, if

convergence is met in less than Kd iterations.4

Appendix 2: Second-Order Temporal
Discretization

Discretization of temporally second-order equations can be

illustrated by considering

€U ¼ _V ¼ WðUÞ: ð10:1Þ

Expanding the field V in a Taylor series about t þ /Dt we

obtain

Vðt þ DtÞ ¼Vðt þ /DtÞ þ dV

dt
jtþ/Dtð1 � /ÞDt

þ 1

2

d2V

dt2
jtþ/Dtð1 � /Þ2ðDtÞ2 þOððDtÞ3Þ

ð10:2Þ

and

VðtÞ ¼Vðt þ /DtÞ � dV

dt
jtþ/Dt/Dt

þ 1

2

d2V

dt2
jtþ/Dt/

2ðDtÞ2 þOððDtÞ3Þ
ð10:3Þ

Subtracting the two expressions yields

dV

dt
jtþ/Dt ¼

Vðt þ DtÞ � VðtÞ
Dt

þ ÔðDtÞ; ð10:4Þ

where ÔðDtÞ ¼ OððDtÞ2Þ, when / ¼ 1
2
. Thus, inserting this

into the governing equation yields

Vðt þ DtÞ ¼ VðtÞ þ DtWðt þ /DtÞ þ ÔððDtÞ2Þ: ð10:5Þ

Note that adding a weighted sum of Eqs. (10.2) and (10.3)

yields

Vðt þ /DtÞ ¼ /Vðt þ DtÞ þ ð1 � /ÞVðtÞ þ OððDtÞ2Þ;
ð10:6Þ

which will be useful shortly. Now expanding the field U in

a Taylor series about t þ /Dt we obtain

Uðt þ DtÞ ¼Uðt þ /DtÞ þ dU

dt
jtþ/Dtð1 � /ÞDt

þ 1

2

d2U

dt2
jtþ/Dtð1 � /Þ2ðDtÞ2 þOððDtÞ3Þ

ð10:7Þ

and

UðtÞ ¼Uðt þ /DtÞ � dU

dt
jtþ/Dt/Dt

þ 1

2

d2U

dt2
jtþ/Dt/

2ðDtÞ2 þOððDtÞ3Þ:
ð10:8Þ

Subtracting the two expressions yields

Uðt þ DtÞ � UðtÞ
Dt

¼ Vðt þ /DtÞ þ ÔðDtÞ: ð10:9Þ

Inserting Eq. (10.6) yields

Uðt þ DtÞ ¼UðtÞ þ /Vðt þ DtÞ þ ð1 � /ÞVðtÞð ÞDt
þ ÔððDtÞ2Þ:

ð10:10Þ

and thus using Eq. (10.5) yields

2 For the class of problems under consideration, due to the linear

dependency on Dt, p � 1.
3 Typically, Kd is chosen to be between five to ten iterations.
4 At the implementation level, since the exact solution is unknown, the

following relative error term is used, -Lþ1;K¼defjjWLþ1;K �WLþ1;K�1jj.
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Uðt þ DtÞ ¼UðtÞ þ VðtÞDt þ /ðDtÞ2WðUðt þ /DtÞÞ þ ÔððDtÞ2Þ:
ð10:11Þ

The term WðUðt þ /DtÞÞ can be handled in two main

ways:

• Wðt þ /DtÞ � Wð/Uðt þ DtÞ þ ð1 � /ÞUðtÞÞ or

• Wðt þ /DtÞ � /WðUðt þ DtÞÞ þ ð1 � /ÞWðUðtÞÞ.
The differences are quite minute between either of the

above, thus, for brevity, we choose the latter. In summary,

we have the following:

Uðt þ DtÞ ¼UðtÞ þ VðtÞDt þ /ðDtÞ2 /WðUðt þ DtÞÞð
þð1 � /ÞWðUðtÞÞÞ þ ÔððDtÞ2Þ:

ð10:12Þ

We note that

• When / ¼ 1, then this is the (implicit) Backward Euler

scheme, which is very stable (very dissipative) and

OððDtÞ2Þ locally in time,

• When / ¼ 0, then this is the (explicit) Forward Euler

scheme, which is conditionally stable and OððDtÞ2Þ
locally in time,

• When / ¼ 0:5, then this is the (implicit) ‘‘Midpoint’’

scheme, which is stable and ÔððDtÞ2Þ ¼ OððDtÞ3Þ
locally in time.

In summary, we have for the velocity5

Vðt þ DtÞ ¼VðtÞ þ Dt /WðUðt þ DtÞÞð
þð1 � /ÞWðUðtÞÞÞ

ð10:13Þ

and for the position

Uðt þ DtÞ ¼UðtÞ þ Vðt þ /DtÞDt
¼UðtÞ þ /Vðt þ DtÞ þ ð1 � /ÞVðtÞð ÞDt;

ð10:14Þ

or more explicitly

Uðt þ DtÞ ¼UðtÞ þ VðtÞDt þ /ðDtÞ2 /WðUðt þ DtÞÞð
þð1 � /ÞWðUðtÞÞÞ:

ð10:15Þ

In iterative (recursion) form

ULþ1;K ¼ð/DtÞ2WðULþ1;K�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GðULþ1;K�1Þ

þ UL þ VLDt þ ðDtÞ2/ð1 � /ÞWðULÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
R

ð10:16Þ

Remark Applying this scheme to the balance of linear

momentum continuum formulation, under infinitesimal

deformations, rx � rþ f ¼ q o2u
ot2

we use WðuðtÞÞ ¼ rx�rþf
q ,

and must apply the (iterative) process introduced earlier to

all voxels in the system.
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