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Abstract
Selective Laser Melting (SLM) is an emerging Additive Manufacturing technology for metals. Complex three dimensional
parts can be generated from a powder bed by locally melting the desired portions layer by layer. The necessary heat is
provided by a laser. The laser–matter interaction is a crucial physical phenomenon in the SLM process. Various modeling
approaches with different degrees of complexity exist in the literature to represent the laser–matter interaction within a
numerical framework. Often, the laser energy is simply distributed into a specified volume. A more precise approach is ray
tracing. The laser beam can be divided into moving discrete energy portions (rays) that are traced in space and time. In order
to compute the reflection and absorption usually a triangulation of the free surface is conducted. Within meshfree methods,
this is a very expensive operation. In this work, a computationally efficient algorithm is developed which avoids triangulation
and can easily be combined with meshfree methods. Here, the suggested ray tracing algorithm is exemplary coupled with the
stabilized Optimal Transportation Meshfree Method. The importance of ray tracing is evaluated by simulating the fusion of
metal powder particles. A comparison of the results with a volumetric heat source approach shows that ray tracing significantly
improves the accuracy of absorption and vaporization.

Keywords Additive manufacturing · Selective laser melting · Ray tracing · Optimal Transportation Meshfree method

1 Introduction

In Selective Laser Melting, metal parts are built up from a
powder bed layer by layer. A laser locally melts the powder
bed. The initial high volume to surface ratio of powdered
material makes surface tension the most important driving
force for the process. Other phenomena related to surface
tension are Marangoni convection, the balling effect and the
wetting of solid material with melt. Escaping vapor in the
rear of the laser beam may indent the melt pool if the energy
input is high. This is called keyholing. During consolidation,
inhibited thermal expansion and the change of material stiff-
ness initiate residual stresses. The fast thermal cycles result in
an AM-specific micro-structure that determines the mechan-
ical properties. The physical phenomena are schematically
illustrated in Fig. 1. A detailed review on laser based AM of
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metallic components, the involved physical phenomena and
their influence on the micro-structure can be found in [14].

The SLM process offers a unique geometrical flexibility
for designers to create innovative parts. The flexibility of
SLM could be further increased to a structural level: Ideally,
one could alter process parameters in order to locally manip-
ulate the micro-structure and customize parts to individual
performance requirements. Such a detailed process plan-
ning is prohibitively expensivewith conventional, experience
driven approaches. Computational simulation techniques
promise to save time and resources. When modeling at pow-
der scale, the free surface evolution and surface tension
effects are the key challenges to predict the SLMprocess. The
problem has been tackled with a variety of numerical tools
such as Finite Volumes (FV), the Lattice-Boltzmann (LBM)
and the Arbitrary Lagrangian Eulerian (ALE) method, see
[1,34] and [20]. A common drawback of LBM, ALE and
FV is the need for special numerical treatments such as e.g.
the Volume of Fluid (VoF) approach to resolve the free sur-
face and surface tension effects. This becomes especially
pronounced when modeling the fusion of metal powder par-
ticles.
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Fig. 1 Left: the incident laser irradiation q̇laser is emitted by thermal conduction q̇cond , convection q̇conv and radiation q̇rad . Right: escaping vapor
indents the melt pool. Grey colored dots are vapored, black dots non-molten powder particles and white dots surrounding gas. (Color figure online)

In Lagrangian meshfree and particle methods the track-
ing of the free surface is intrinsic. Particle deposition with
subsequent as well as on-the-fly laser processing has been
investigated with the Discrete Element Method (DEM) in
[39] and [45], respectively. Ganeriwala and Zohdi [9] devel-
oped a DEM framework to simulate a single laser track of
the SLM process. Due to the discrete nature of the DEM
method, the model accounts for the statistical nature of the
powder bed but lacks a physical representation of the melt
flow. Oneway to overcome this drawback is the use of hybrid
DEM-continuum approaches, see e.g. [42]. Here, a contin-
uum meshfree scheme is employed. Recently, Wessels et
al. [30] have developed a thermo-mechanical phase change
model accounting for finite deformations. The model has
been implemented into the stabilized Optimal Transporta-
tion Meshfree (OTM) framework. It has been shown that the
proposed methodology is feasible to investigate the influ-
ence of laser power and heat transfer on the fusion of metal
powder particles. This work concentrates on the heat source
modeling in meshfree powder scale SLM simulations.

Zohdi [39] names four stages of sophistication to model
the laser input: First, neglecting thermal conduction, the heat-
ing �θ can be estimated from the energy absorbed by the
powder bed. This assumption is clearly not accurate enough
on the powder scale of SLM processes. For part scale simu-
lations however, the superposition of heat-kernel solutions
as suggested in [44] can be employed as a computation-
ally efficient heat source. The next step of sophistication
is to assume a volumetric intensity distribution. Another
approach is ray tracing, where the beam is discretized into
energy portions, so-called rays. The last step of sophistica-

tion is to represent the beam by its electro-magnetic field
components via Maxwell equations. While this formulation
provides a high level of accuracy, see [37], it also comes at a
high computational cost and is not feasible within a particle
melting simulation. Oftentimes, volumetric heat sources are
used because of their ease of implementation. However, their
motivation is mostly based on empirical observations. Also,
the absorption highly depends on the overlap of the volumet-
ric intensity distribution with the irradiated geometry. This
is a severe concern in powder scale SLM simulations. For an
accurate description of absorption and reflection, ray tracing
is most appropriate. It is a purely geometrical approach and
applicable if diffraction is not expected to occur. In SLM,
this is fulfilled since the diameter of powder particles and
the characteristic surface features are more than an order of
magnitude larger than the wavelength of the incident radia-
tion.

Ray tracing is commonly used in optics, see e.g. [13,35]
and [46]. The scattering of incident radiation in particulate
media has been investigated in [36,40], and [43], for instance.
Also in metal processing simulations ray tracing is a useful
numerical tool. Zohdi [38] developed a ray tracing algorithm
for DEM to investigate the laser–matter interaction of irradi-
ated powdered material. Ki et al. [22] established a detailed
model for laser keyhole welding for solution with the mesh-
based Finite DifferenceMethod. Therein the evolution of the
liquid–vapor interface is tracked with a level set method. At
the same time, the level sets provide the surface normals for
the coupling with a ray tracing algorithm. Hu and Eberhard
[17] used ray tracing to determine the absorptivity of metal
during conduction mode laser welding. The absorptivity of
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Fig. 2 Sequence of rectangular
laser pulses. Illustration of
pulsing width �tpuls , repetition
rate frep = 1/�trep , pulsing
power Ppuls and effective laser
power Plaser

solid and liquid metal is then fed into a Smoothed Particle
Hydrodynamics (SPH) simulation, where a volumetric heat
source is employed. In subsequent work, Hu et al. [18] have
developed a coupling algorithm for ray tracing and SPH. To
compute the reflection, a triangulation of the free surface was
conducted.

The triangulation is a computationally very expensive
operation. Here, a coupling algorithm for ray tracing and
meshfree solution schemes is developed that overcomes the
necessity of a surface triangulation. The proposed methodol-
ogy is exemplary applied to the stabilized OTMmethod. The
outline of this work is as follows: Sect. 2 gives an overview
of heat source modeling. The thermo-mechanical model is
briefly summarized in Sect. 3. The explicit and implicit sta-
bilized OTM solution schemes employed in this work are
presented in Sect. 4. The coupling algorithm for ray tracing
and OTM is established in Sect. 5. In a particle melting anal-
ysis, volumetric heat source modeling and ray tracing are
compared to each other (see Sect. 6). The paper concludes
with a summary and an outlook in Sect. 7.

2 Heat sourcemodeling

Lasers can emit power in pulses and in special cases con-
tinuously. Both pulsing and continuous laser beams will be
considered in this work. A rectangular laser pulse is defined
by the pulse width �tpulse, the repetition rate frep and the
pulsing power Ppulse. The effective (continuous) laser power
Plaser can be computed from:

Plaser = frep �tpulse Ppulse (1)

In a pulsed laser the currently emitted power P is a function
of time t . As graphically illustrated in Fig. 2, a sequence
of n pulse rectangular pulses can be expressed by a series of
Heaviside functions:

P (t) = Ppulse

n pulse∑

n=0

[
Hn

(
t − n

frep

)
− Hn

(
t − n

frep
− �tpulse

)]

(2)

In ray tracing and volumetric heat source modeling the emis-
sion of laser energy is expressed by an intensity function.
For a circular focused beam, a radial intensity distribution
Irad (r) is most appropriate. It distributes the power P (t)
within an area da:

P (t, r) = P (t) Irad (r) with
∫ ∞

0
Irad (r) da = 1 (3)

Here the variable r is the radial distance from the laser’s focal
midpoint. Oftentimes a Gaussian distribution is assumed,
where the standard deviation is half the beam radius R:

Irad (r) = 2

πR2 e
−2r2/R2

(4)

The laser beam radius R can be defined as the radius where
the intensity reduces to 1/e2 of the peak intensity. This cor-
responds to 86.47% of the laser power that is focused in the
circular laser spot. In this work, the Gaussian distribution is
normalized in order to distribute the entire laser power within
the spot:

Irad (r) = 2

πR2
(
1 − e−2

)e−2r2/R2
(5)

An introduction to laser technology and an overview of
related intensity distributions for various laser applications
can be found for instance in [16].

2.1 Ray tracing

The theory of ray tracing can be motivated from Maxwell’s
equations, see e.g. [38]. Ray tracing can also be regarded as
a spatial and temporal discretization of a heat source into
discrete energy portions (rays). A planar wavefront is rep-
resented by collinear rays that are emitted at specified time
steps. Initially, the rays are placed at random positions inside
the laser spot. This is sketched in Fig. 3a. The amount of
energy Er assigned to a ray depends on its position xr within
the beam:

Er = �tr P (t) wr (rr ) (6)
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Fig. 3 Heat source modeling. a
Using ray tracing the laser is
divided into discrete energy
portions (rays) that are absorbed
by the irradiated part. bWith a
volumetric heat source model,
most of the laser power is
distributed into the grey shaded
volume

The time increment of ray creation is denoted �tr . The
weight wr is a function of the radial distance rr of a ray
to the laser’s focal midpoint. It is obtained by normalization
of the radial intensity distribution:

wr = Irad (rr )∑nrpl
q Irad

(
rq
) (7)

Here nrpl is the number of rays per level, i.e. the number of
rays that are created within a time step �tr . In this work,
a Gaussian beam is used with Irad defined as in (5). The
rays propagate in time at constant velocity vr . The actual ray
velocity depends on the permittivity and permeability in free
space as well as on the medium the rays are traversing. It is
in the order of the speed of light in Argon gas, i.e. ≈ 3× 108

m/s. To resolve the conflict of scales between the thermal
problem and the ray propagation, the ray velocity is scaled
by a factor kred . The ray positions xr are updated in each
time step �t of the discrete thermal problem:

xr n+1 = xr n + kred vr �t (8)

The coupling between the ray tracing algorithm and OTM as
well as the scaling factor kred are discussed in Sect. 5.

2.2 Volumetric heat sources

The idea of volumetric heating terms is to distribute the
incident power into a specified volume. It is most appro-
priate if the heat source can disperse into the irradiated

system.The shape of the function that describes the irradiated
volume is based on theoretical considerations or empiri-
cal observations. Many formulations of volumetric heating
terms have been developed for various applications. Goldak
et al. [10] suggested a double ellipsoidal model which is
widely used by the welding community. The idea is to
distribute the absorbed energy into the weld pool, whose
geometry has to be estimated from experiments. Yan et al.
[33] use a Monte Carlo method to model electron penetra-
tion into a metal powder bed. The outcome is a physically
informed volumetric heat source for the Electron Beam
Melting (EBM) process, see [34]. Based on an analytical
solution of the radiation transfer equation, Gusarov et al.
[15] established a volumetric heat source for the SLM pro-
cess which accounts for the multiple reflections inside the
powder bed. Ganeriwala and Zohdi [9] use a volumetric
heat source based on a Beer–Lambert equation to model
the powder bed irradiation. Generally, a volumetric intensity
distribution consists of a radial component Irad and a contri-
bution Idep that describes the penetration of the laser into the
part:

P (t, r , z) = P (t) Irad (r) Idep (z)

with
∫ L

0

∫ ∞
0

Irad (r) Idep (z) da dz = 1
(9)

Here L is the maximum penetration depth of the heat
source. The concept is graphically illustrated in Fig. 3b. The
Gusarov-typeheat source and theBeer–Lambert laware sum-
marized in the subsequent sections.
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Fig. 4 When a phase change
occurs, the deviatoric
deformation gradient Fdev is set
equal to one. Only the
volumetric part Fvol remains.
Left: Powder Particles.
Centered: Molten metal. Right:
consolidated metal

2.2.1 Gusarov type heat source

Gusarov et al. [15] assume a bell-like radial intensity func-
tion:

Irad (r) = 3

πR2

(
1 − r

R

)2 (
1 + r

R

)2
(10)

The dependence of the intensity on the powder bed penetra-
tion depth z is modeled as:

Idep (z) = −β (r)
dq

dξ (z)
with β = 3(1 − εb)

2 εb D
= λ

L
(11)

Here q denotes the dimensionless laser energy density and
ξ (z) = β z a dimensionless coordinate. The optical extinc-
tion coefficient β takes into account the powder bed porosity
εb and the particle diameter D. It can also be obtained from
the optical thickness λ and the powder bed depth L , see [15]
for details. The differentiation of q with respect to ξ (z) can
be found in [30].

2.2.2 Beer–Lambert

The Beer–Lambert law assumes an exponential decrease of
absorptivity with penetration depth:

Idep (z) = I0z e
− ∫ z0 β(z)dz (12)

For a porous metal powder bed, the extinction coefficient
β can be taken as a constant value as defined in the theory
of [15]. The coefficient I0z is obtained from normalization
of the intensity function over the powder bed depth L . The
normalized Beer–Lambert law for the powder bed yields:

Idep (z) = β
(
1 − e−βL

)−1
e−βz (13)

Due to the normalization, losses with respect to penetration
depth are not accounted for in this formulation.

3 Thermo-mechanical modeling

In the last decades the interest in metal phase change mod-
eling mainly focused on welding and casting applications.

In both processes deformations are small and an additive
split of strains is sufficient, see e.g. [11]. However, on the
powder scale of SLM the liquid melt flow has to be taken
into account and the strains are finite. Recently, in [30] a
thermo-mechanical phase change model has been developed
that is applicable in the finite deformation regime. It has been
demonstrated that this concept is suitable to represent the
main physical effects occurring on the powder scale of SLM
processes. The deformation gradient F is multiplicatively
split into a volumetric and a deviatoric part. The underlying
assumption is that only the deviatoric deformation gradient
Fdev has a fading memory due to the phase change:

Fdev = 1 F = Fvol = J
1
3 1 (14)

The volumetric deformation gradient Fvol is mainly caused
by thermal expansion and preserved throughout all phases,
see also Fig. 4. Following the concept of Lu and Pister [24],
a decomposed free energy function for the finite deformation
phase change problem has been postulated in [30]. Differen-
tiation of the free energy function yields the entropy work
and the stress tensor. These quantities are necessary to prop-
erly define the governing energy and momentum equations.
For further details on the theoretical background, the reader
is referred to the original publication. The resulting equations
are briefly summarized in the following sections.

3.1 Energy equation

When modeling the SLM process, several assumptions can
be made on the first law of thermodynamics: First, dissipa-
tion is neglected. In the solid phase, this is the consequence of
assuming that the material behaves elastically. This assump-
tion is a severe limitation of themodel but it can be completed
by including visco-plastic contributions. A viscous heating
term has also not been taken into account since liquid melt
is nearly inviscid. Second, since volumetric deformation is
mostly related to thermal expansion, heating caused by elas-
tic volumetric deformation is neglected. The heat flux is
of Fourier type with isotropic conductivity k. Implement-
ing these considerations, the energy equation can be written
as:

ρ (c + Lθ ) θ̇ = k div (grad θ) (15)
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Here ρ is the density, c the heat capacity, θ the temperature, θ̇
its rate and rs a volumetric heating term. The treatment of the
latent heat contribution Lθ employed in (15) is analogous to
the apparent heat capacity method introduced by Bonacina
et al. [4] and recently studied by Muhieddine et al. [25]. It
is most appropriate for materials that change phase over a
temperature range between a solidus (bubble) and a liquidus
(dew) temperature Tsol (Tbubble) and Tliq (Tdew). The latent
heat is absorbed in this temperature interval. In this work,
the apparent heat capacity method is used to facilitate the
coupling of energy and momentum equation.

When a volumetric heat source is employed, the heating is
obtained from ρrs = P (t) I (r , z). The coupling of energy
equation and ray tracing scheme is discussed in Sect. 5.

Boundary fluxes related to convection and radiation can be
imposed as discussed e.g. in [30].However, sinceGaneriwala
and Zohdi [9] have pointed out that heat conduction outnum-
bers these effects by several orders of magnitude they have
been neglected in the present analysis.

3.2 Momentum equation

The stress tensor is decomposed into a hydrostatic part
defined by the pressure p and into a phase dependent devia-
toric tensor s. The equation of motion is given by

ρ a = −grad p + div s (φ) + ρ b̂ (16)

where φ is the phase variable, a the material and b̂ the grav-
itational acceleration. The pressure p is calculated from the
constitutive equation for a compressible material:

−p = K

J
ln Je with Je = J e−3αθ (θ−θ0) (17)

Here K is the compression modulus, Je the elastic Jacobi
determinant, αθ the thermal expansion coefficient and θ0 a
reference temperature. The deviatoric stress model switches
from an elastic spring in the solid phase to a viscous damper
in the liquid phase and vice versa. In the solid phase (φ = 1)
the deviatoric stress is definedwith the secondLamé constant
μ as:

s (φ = 1) = μ

J

(
b̄ − 1

3

(
tr b̄
)
1
)

with b̄ = J− 2
3 b (18)

Here b = FFT is the left Cauchy Green tensor and b̄ its
isochoric counterpart. In the liquid phase (φ = 0), viscous
stresses are defined from

s (φ = 0) = 2 η

J

(
d − 1

3
(tr d) · 1

)
(19)

where η is the dynamic viscosity. Therein, the tensor d is
the symmetric part of the spatial velocity gradient. In SLM,
the difference between cohesive forces of liquid metal and
surrounding Argon gas results in a surface tension t. It is
imposed to the problem as a Neumann boundary condition
tsur f = σ · n with

tsur f = γ κ n (20)

Here n is the surface normal and κ the curvature of the inter-
face between melt and surrounding Argon gas. The surface
tension coefficient γ is in general a function of temperature
which yields the aforementioned Marangoni effect.

To avoid the simulation of the gas phase, its interaction
with the liquid metal can be represented by a recoil pressure.
It can again be incorporated into the suggested continuum
model as a Neumann boundary condition from a relation
found by Anisimov and Khokhlov [2] which was e.g. used
in the work of Khairallah et al. [21]:

trec = prec (θ) 1 with prec (θ) = 0.54pa exp

(
λ

kb

(
1

θ
− 1

Tvap

))

(21)

Here pa is the ambient pressure, λ the evaporation energy per
atom, kb the Boltzmann constant and Tvap the vaporization
temperature. Since the recoil pressure expands the liquid–
vapor interface, it counteracts surface tension which tends to
minimize it. In the present study,Marangoni effect and recoil
pressure have been neglected.

4 Stabilized optimal transportation
meshfreemethod

The OTM method is an Updated Lagrangian scheme that
has initially been introduced by Li et al. [23]. In the original
publication a nodal rearrangement is necessary in every time
step in order to equilibrate configurational forces.Weißenfels
and Wriggers [29] suggested a stabilized OTM that over-
comes the necessity of a shifting algorithm. This approach is
applied in the current analysis. In the OTM framework, the
primary variables and their time derivatives are nodal quan-
tities, whereby mass, volume, density and stress are defined
at the material points. During the computation a search algo-
rithm establishes the connectivity between material points
and nodes. All nodes connected to a material point form its
support domain. The material point coordinate xp is inter-
polated from the positions xI of nodes inside the support
domain with the aid of shape functions NI :
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Fig. 5 Spatial discretization
with the Optimal Transportation
Meshfree method

xp =
Nsup
p∑

p

NI
(
xp
)
xI (22)

Here Nsup
p denotes the number of nodes inside a support

domain. The spatial discretization into nodes and material
points is schematically illustrated in Fig. 5. The number of
nodes per support domain is in general arbitrary. This neces-
sitates the use of special shape functions. Li et al. [23] suggest
Local Maximum Entropy (LME) shape functions introduced
by Arroyo and Ortiz [3] within the OTM framework.

In both the original OTM of Li et al. [23] and the sta-
bilized approach of Weißenfels and Wriggers [29] explicit
time integration is employed. For application in laser based
Additive Manufacturing, Wessels et al. [30] have recently
introduced an implicit stabilized OTM algorithm. In this
work, in order to establish the coupled ray tracing OTM
approach an explicit purely thermal code is employed. Since
the Courant–Friedrichs–Lewy (CFL) condition in explicit
schemes is very restrictive for the mechanical problem, the
implicit time integration is preferred in the particle fusion
analysis.

The outline of this section is as follows: First, the energy
equation for solution with the explicit OTM scheme is
presented. The implicit algorithm introduced in [30] is sum-
marized in Sect. 4.2. The spatial discretization with a search
algorithm and LME shape functions is discussed in Sect. 4.3.

4.1 Explicit solution of the energy equation with
OTM

Weißenfels andWriggers [29] have shown that the OTM can
be derived from the principle of virtual work. Hence, the
weak form of the energy equation is obtained by multiplying
the strong form (15) with a trial function δθ . After partially
integrating and neglecting surface boundary heat fluxes it can
be expressed as:

∫

v

ρ (c + Lθ ) θ̇ δθ dv +
∫

v

k grad θ grad δθ dv

−
∫

v

δθρrsdv = 0
(23)

Here dv is the volume element. Following the standard
Bubnov–Galerkin approximation, the same shape functions
are employed to interpolate the primary variable and the trial
function. This leads to the spatially discretized heat equation:

C θ̇n + K θn − Q = 0 (24)

The discrete equations are assembled within loops over all
material points nmp and their support domains of size Nsup

p n

at the time step n. The heat capacity and the thermal con-
ductivity matrices can be found in the appendix in (54). The
discretization of the heat input vectorQ depends on the type
of heat source model used. It can be written in general form:

Q =
nmp⋃

p=1

Nsup
p n∑

I=1

NI
(
xp n
)
Pp n (25)

The coupling of OTM and ray tracing will be discussed later
on in this work. When the volumetric heating term is used,
the power Pp n follows the discrete form of (9) with the radial
distance rp n and penetration depth z p n :

Pp n = ρp n r
s
p n vp n = P (tn) I

(
rp n, z p n

)
vp n (26)

For the temporal discretization the forward Euler scheme is
employed. In combination with the lumped heat capacitance
matrix the nodal temperatures can be computed explicitly. At
every node (except at Dirichlet boundaries) the temperature
is updated from:

θI n+1 =
Nin f
I n∑

p

Nsup
p n∑

J

(
θI n − �t

mI n

kp n
cp n

vp n
NI
(
xp n

)

∂xp n

NJ
(
xp n

)

∂xp n
θJ n + �t Pp n

)

(27)
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The nodal mass mI n is interpolated from the Nin f
I material

point masses mp inside the influence domain of a node.
Fried and Rheinboldt [8] have shown that for the choice

of the time step increment within an explicit scheme stabil-
ity concerns override those of accuracy. They suggest the
following criterion to ensure stability and convergence:

�t ≤ C
ρc

k
h2 0 < C < 1 (28)

Here h is a typical length that can be chosen as the third root
of material point volume in three dimensional computations.

4.2 Implicit thermo-mechanical stabilized OTM

The strong form of the energy (15) and the momentum
equation (16) are multiplied by test functions δθ and η,
respectively. After applying partial integration theweak form
can be stated as:

∫

v

[
ρ η ·

(
a − b̂

)
+ grad η · σ (φ)

]
dv +

∫

v

η γ κ
grad c̃[

c̃
] dv

+
∫

v

δθ
[
ρ (c + Lθ ) θ̇ − ρrs

]
dv +

∫

v

k grad θ grad δθdv = 0.

(29)

Surface tension has been accounted for with the Continu-
ous Surface Force (CSF) model introduced by Brackbill et
al. [5]. In the CSF model, the surface tension is transferred
into a volume integral. The gradient of the color function c̃
which is computed from the gradient of mass ensures that
the volumetric surface force only acts in a small region close
to the boundary or interface. The recoil pressure (21) could
be incorporated in the same manner, but is neglected in the
present analysis.

Following the standard Bubnov–Galerkin approach, the
same shape functions are used to interpolate the primary vari-
ables as well as the test functions. The spatially discretized
residual can then be written in the form:

Man+1 + Ru (un+1) − P + C θ̇n+1 + Rθ (θn+1) − Q = 0

(30)

In an Updated Lagrangian framework the support domain of
the previous time step is considered the reference configu-
ration of a material point at the current time step tn+1. The
shape functions are constructed in the reference configura-
tion. The heat capacitance matrix C is the same as in the
explicit scheme, see (54). For a volumetric heat source, the
power Pp n+1 in the heat input vectorQ computes in analogy
to (25) and (26). The coupling of OTM and ray tracing is
discussed in Sect. 5.

The computation of themassmatrixM, the internal forces
Ru and the thermal conductivity Rθ follow standard proce-
dures and can be found in the appendix in (55) and (56). For

the load vector P it can be stated:

P =
nmp⋃

p=1

Nsup
p n∑

I=1

NI
(
xp n
) (

mp b̂I − fCSF
n vp n+1

)

fCSF
n = γ κp n

cI n
mI n

(31)

The curvature κp is evaluated at each material point from the
divergence of the nodal normals in the support domain. The
nodal normal nI is computed by normalization of a color
gradient cI which itself is defined as the nodal gradient of
mass mp:

κp n =
Nsup
p n∑

I=1

div nI n nI n = cI n
||cI n||

cI n =
Nin f
I∑

p

∂NI
(
xp n
)

∂xp n
m p

(32)

Brackbill et al. [5] and Chen et al. [6] point out that construct-
ing the color gradient from a smoothed mass yields more
accurate results. In the implementation of the CSF model
into OTM, first the nodal color gradient is computed. Next,
the nodal mass and the color gradient are smoothed indepen-
dently of each other. Additionally the curvature κp is also
smoothed. Smoothing is performed by averaging over the
nodal ormaterial point neighbors Nnbr

I or Nnbr
p , respectively.

Five iterations were sufficient in our calculations. The algo-
rithm is summarized in Fig. 6. Details are given in [30].

Weißenfels and Wriggers [29] have shown that the OTM
suffers from insufficient integration. They have suggested
a stabilization term for the momentum equation which is
also employed in the current work. For this purpose the dis-
tance vectors dxk+1

I p n+1 between nodes and material points
are computed in each support domain. The distance vector
in the current time step can also be obtained from the map-
ping of the distance vector dxI p n of the previous time step
with the incremental deformation gradient. If the solution of
the momentum equation was correct, the difference between
the two is zero. As a consequence of reduced integration this
is not always fulfilled. The error is enforced to be zero by
applying the penalty method:

E I n+1 = εs NI p n
dxI p n+1 − �Fp n+1dxI p n

||dxI p n||
with dxI p n = xI n − xp n

(33)

The above defined tensor E acts as an additional force and
is added to the discretized weak form of the equation of
motion (30). The influence of the penalty parameter εs on
the accuracy of the solution has been studied extensively by
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Fig. 6 Surface tension
computation with OTM 1) Compute color gradient

2) Loop over smoothing iterations
Loop over nodes → Loop over N inf

I → Loop over Nsup
J

m̃I n = 1
Nnbr

I n

Nnbr
I n

J mJ n c̃I n = 1
Nnbr

I n

Nnbr
I n

J cJ n

3) Compute nodal normal nI

4) Compute curvature κp

5) Loop over smoothing iterations
Loop over material points → Loop over Nsup

I → Loop over N inf
J

κ̃p n = 1
Nnbr

p n

Nnbr
p n

J κJ n

Fig. 7 Algorithmic
implementation of a time step in
OTM

1) Initialize
2) Loop over Newton iterations

a) Assemble system of equations
b) Solve
c) Update primary variables and nodal coordinates
d) Update kinematic quantities
e) Check convergence

If converged: exit loop
Else: Update shape function derivatives and iterate again

3) Update support domains
4) Recompute shape functions

Weißenfels and Wriggers [29] in various numerical exam-
ples.

In the implicit formulation the weak form (30) is evalu-
ated at the next time step tn+1. Acceleration and velocity are
integrated with an implicit Newmark and the temperature
derivative with a backward Euler time integration scheme
with the constants γ = 0.5 and β = 0.25. Details on the
Newmark time integration and the admissible range for γ

and β can be found in standard FEM textbooks, e.g. [19].
The resulting non-linear equations are solved iteratively with
aNewton–Raphson algorithm.The overall implicit stabilized
OTM algorithm is sketched in Fig. 7.

4.3 Spatial discretization in OTM

The support domain of eachmaterial point is updated in every
time step via a search algorithm. In this work, the search
algorithm presented in [29] is employed. In every time step,
the nodes which lie in a certain radius rp around a material
point p are identified by checking the condition:

Sp n+1 =
{
xI n+1

∣∣∣‖xI n+1 − xp n+1‖ ≤ αrp
}

. (34)

The search radius extension factor α controls the number
of nodes inside the support domain. A particle distribution is
regarded as admissible if all particles in each support domain
S :=⋃nmp

p=1 Sp n+1 represent the whole body Bt without any
spaces in between Bt ⊆ S. This requirement is met if the
volume of a support domain v

sup
p is larger than the corre-

sponding material point volume vp. In 3D computations at
least four nodes are necessary to form a convex hull around
a material point. Additionally, in order to reduce the compu-
tational effort the size of support domains should be kept as
low as possible. Further details can be found in [29].

In a Galerkin method shape or basis functions are neces-
sary to interpolate the nodal data. ForOTM,Li et al. [23] have
suggested Local Maximum Entropy (LME) shape functions
introduced by Arroyo and Ortiz [3]. They belong to the class
of radial basis functions with an exponential ansatz:

ZI
(
xp,λp

) = e−βp ||xI−xp ||2+λp(xp−xI ) βp = γ

h2p
(35)

The parameter βp determines the locality of the LME shape
functions and ensures a smooth transition from meshfree
approximants to Delaunay affine basis functions, see e.g. [3].

Rosolen et al. [27] have indicated βp =
[
0.8/h2p, 4/h

2
p

]
as

an optimal interval for the locality parameter. The character-
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Fig. 8 Absorption of rays. a Direct absorption of at the material point that first detects a ray. b Redistribution of ray energy into a sphere with
absorption radius rabs

istic spacing h p can be defined as twice the radius of a support
domain, see [29]. The partition of unity is achieved by nor-
malization, i.e. division by the sum Z of all nodal functions
Z J inside the support domain:

NI = ZI
(
xp,λp

)

Z
, Z =

Nsup
p∑

J=1

Z J
(
xp,λp

)
(36)

The Lagrange multiplier λp has been introduced to meet the
first order consistency criterion. It is computed from the con-
straint:

r
(
xp,λp

) =
Nsup
p∑

I=1

NI
(
xp,λp

) [
xp − xI

] = 0 (37)

Note that the LME shape functions posses a weak Kronecker
delta property. This means that it is only fulfilled on convex
boundaries. For a mathematical explanation see [3] and for
a graphical illustration in 2D [29].

5 Coupling of ray tracing and OTM

The laser strikes the surface of the irradiated part. This is
why the irradiation is often expressed by a surface integral.
To compute the required surface increments a triangulation
of the free surface is necessary—a computationally very
expensive operation. An additional challenge in meshfree
methods is that surface nodes are not explicitly specified. In
surface tension computations, this problem has been avoided
by employing the Continuous Surface Force (CSF) model.
This approach transforms the surface into a volume integral

which is only defined in the proximity of the free surface. Fol-
lowing the samemotivation, the ray energy can be absorbed at
material points near the free surface. This is implemented by
defining a detection sphere at eachmaterial point, see Fig. 8a.
Here, the detection radius rdetp is set equal to the character-
istic length of a support domain. The latter is obtained from
the third root of material point volume vp. A ray is absorbed
by the material point that first detects it. The power Pp in the
heat input vectorQ, see (25), is obtained from the summation
of all incident rays at that material point:

Pp = ρp r
s
p vp =

nray∑

r=1

{
(1 − Rr )

Er
�t ∀ |xr − xp| < rdetp

0 else

(38)

Here nray is the total number of rays. The ray energy Er was
defined in (6). The reflection coefficient Rr will be introduced
later on in Sect. 5.3. For a graphical illustration of (38) see
Fig. 8a.

As discussed in Sect. 2.1, the ray velocity vr is scaled by a
factor kred . It has to be chosen carefully in order to fulfill the
Courant–Friedrichs–Lewy condition. In any given time step,
a ray may not travel further than the average characteristic
length of support domains. This measure can be obtained
prior to the first time step from the cubic root of averaged
material point volume v̄p. The admissible ray velocity is
directly computed from the product of physical ray veloc-
ity and scaling factor kred :

kred |vr | ≤ C
v̄
1/3
p

�t
(39)
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Fig. 9 a A cubic bloc with an
edge length of 40 μm is
irradiated with an uniform,
rectangular heat source
discretized into rays. b The
maximum temperature in the
block as a function of spatial
OTM discretization with an
absorption radius rabs equal to
and greater than rdetp

The constantC ∈ (0, 1] has been set to 2/3. In the subsequent
sections, the coupling of the ray tracing algorithm with the
stabilized OTMmethod is discussed. Note that the presented
coupling algorithm can easily be applied to other meshfree
methods.

5.1 Influence of spatial OTM discretization

A perfectly insulated cubic block with an edge length of
40 µm is irradiated with a uniform, rectangular heat source.
The laser beam is continous. The setup is sketched in Fig. 9a.
In order to satisfy the stability criterion from (28), the time
increment in all simulations has been set to �t = 10−8s.
The material data can be found in Table 2 and (51) and (52).
The laser discretization has been chosen such that a further
refinement does not affect the results (�tr = 10−7s, nrpl =
500).

The curve depicted in Fig. 9b shows that the maxi-
mum temperature increases with increasing number of nodal
points. This can be explained mathematically by rearranging
(38):

ρp r
s
p = 1

vp
Pp = 1

h p

Pp

Ap
∼ 1

h p
(40)

In the above equation, the material point has been replaced
by the product of characteristic length h p and area Ap. Since
the power Pp is proportional to Ap, the power per volume(
ρp rsp

)
is inversely proportional to h p.

For the coupled OTM ray tracing algorithm to converge,
the power per volume needs to be independent of the OTM
discretization. This can be achieved by distributing the inci-
dent ray energy within the neighborhood of a material point.
Theneighborhoodcanbemodeled as a spherewith an absorp-
tion radius rabs in the vicinity of a ray, see Fig. 8b. Inside the
absorption sphere, the computation of the weights wabs

p is
based on a normalized Beer–Lambert law:

wabs
p = Z p

∑Nabs
r

q Zq

Z p =
{
e−β|xr−xp |/rabs ∀ |xr − xp| < rabs
0 else

(41)

The use of a Beer–Lambert law can be motivated from the
physical observation that the laser disperses into the irradi-
ated body. In this work the optical extinction coefficient has
been set to β = 1. The concept is graphically illustrated in
Fig. 8b and the algorithmic implementation summarized in
Fig. 12.

Figure 9b highlights that convergence of the maximum
temperature is reached with the presented non-local distribu-
tion of ray energy.Within the considered range, the deviation
of the maximum temperature decreases from 17.2% to only
2.4%. The influence of rabs on maximum temperature is
investigated in Sect. 5.4.

5.2 Laser discretization

The same perfectly insulated cubic block from the previous
section is examined to study the influence of laser discretiza-
tion in space and time. The block is discretized into 1422
nodes and 6587 material points. The laser beam is continu-
ous in time and has a uniform, rectangular shape.

The ratio nrpl/�tr indicates the number of rays created
per second. From a computational point of view, this ratio
should be as small as possible in order to reduce cost. In
Fig. 10, the maximum temperature and the time until equi-
librium temperature is reached are plotted against the rays
created per second. Four different time steps of ray creation
�tr have been examined. The results suggest a time step size
of ray creation �tr less or equal to ten times the simulation
time step size �t :

�tr
�t

≤ 10 (42)
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Fig. 10 Irradiation of a
perfectly insulated cubic block,
see Fig. 9a. Influence of laser
discretization on maximum
temperature (left) and on the
time to achieve equilibrium
temperature (right)

From Fig. 10 it can be deduced that 108 rays per second
are enough to accurately discretize the laser beam, provided
that the above condition is satisfied. To ensure convergence
when an arbitrarily shaped part is irradiated, the laser spot
must be accurately represented by absorption spheres with
radius rabs . The following criterion is proposed to estimate
the necessary number of rays per level nrpl to represent a
laser spot of size Alaser :

nrpl = max

(
C
Alaser

πr2abs
, 50

)
(43)

HereC is a safety factor accounting for the random position-
ing of rays. Its value has to be always larger than 1 and is set
toC = 15 in the current analysis. This is verified in Sect. 5.4.

5.3 Reflection

The computation of reflection exhibits two main challenges
within meshfree methods: First, a surface needs to be defined
in order to compute the direction of the emergent ray. Sec-
ond, the position of incidence is unknown. In this work, it
is traced back and set as anchor point xc of the surface. The
surface normal nre f l at the anchor point is then computed
from the weighted material point normals in its vicinity. The
advantage of this methodology is that reflection can be com-
puted without the need of a surface triangulation, since the
rays identify the free surface.

The anchor point xc is defined as the intersection of a ray
trajectory with the detection sphere of a material point. It
lays on the line segment of length �s from the ray position
of the previous time step xr (tn−1) to the ray position of the
current time step prior to reflection xr

(
t−n
)
. This is illustrated

in Fig. 11a. The anchor point xc is approached iteratively:

x j+1
c = x j

c

{
+ (�s/2 j+1

) · nr
(
t−n
) ∀ |x j

c − xp| > rdetp

− (�s/2 j+1
) · nr

(
t−n
) ∀ |x j

c − xp| < rdetp

(44)

In the first iteration,x0c is initializedwith the ray position prior
to reflection. Ten iterations of (44) are sufficient. In order to
keep the computational effort as low as possible, the surface
normal nre f l at xc is approached by the normal vector at the
current ray position xr

(
t−n
)
. It is obtained by weighting the

Nabs
r material point normals np inside the absorption radius

rabs . These are computed from the normalized gradient of
mass.Unlike in theCSF implementation, the gradient ofmass
cp is now computed in the support domain:

nre f l =
Nabs
r∑

p

np wnorm
p np = cp

|cp| cp =
Nsup
p∑

I

∂NI
(
xp
)
mp

∂xp

(45)

This approximation acts as a smoothing of material point
normals with the weights wnorm

p :

wnorm
p = Z p

∑Nabs

q=1 Zq

Z p =
{
e−|xp−xr |/rabs ∀ |xp − xr | < rabs
0 else

(46)

Based on the assumption that the emergent is equal to the
incident angle, the ray positions are updated via:

xr
(
t+n
) = xr

(
t−n
)+ 2d d = [(xc − xr

(
t−n
)) · nre f l

]
nre f l

(47)

The vector d is a projection of the vector pointing from the
ray position prior to reflection to the anchor point xc onto
the surface normal nre f l , see Fig. 11a. The direction of the
ray after reflection nr

(
t+n
)
and the angle of incidence θ inr are

obtained from:

nr
(
t+n
) = xr

(
t+n
)− xc

|xr
(
t+n
)− xc|

θ inr = arccos
nr
(
t−n
) · nre f l

|nr
(
t−n
) · nre f l |

(48)
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Fig. 11 a A surface is
constructed from the OTM
discretization at the anchor point
xc in order to compute the
reflection. b The ray is reflected
in time step tn . It can not leave
the detection sphere within one
time step,
i.e. the scalar product(
nr
(
t+n
) · nre f l (tn+1)

)
is

positive. Therefore, the ray
proceeds without being reflected

1) Compute material point normals (equation 45)
2) If (Δtr%Δt == 0): Initialize new layer of rays (equation 6)
3) Loop over rays r:

Update ray positions (equation 8)
Loop over material points q:

If |xr − xq| < rdetq :
Compute anchor point xc (equation 44)
Loop over material points p:

If |xr − xp| < rabs:
Assemble weights wabs

p and surface normal nrefl (equation 41 and 45)
Store index of absorbing material point in list

Normalize weights wabs
p and nrefl (equation 41 and 45)

If sgn (nr · nrefl) < 0:
Compute reflectivity Rr (equation 48 and 49)
Update the reflected ray’s position, energy and direction (equation 47 and 48)
Loop over absorbing material points p:

Distribute ray power: Pp+ = (1 − Rr) ΔEr

Δt wabs
p

Fig. 12 Algorithmic implementation of the coupled ray tracing OTM algorithm including ray absorption and reflection. The efficiency of the
algorithm can be improved using linked lists or linked cells, see e.g. [12]

The energy associated with a reflected ray computes from the
reflectivity Rr . It can be derived from the Fresnel-equations,
see e.g. [38], and yields:

Rr = 1

2

⎡

⎢⎣

⎛

⎝
n̂2

μ̂
cos θ inr − (n̂2 − sin2θ inr

)1/2

n̂2
μ̂

cos θ inr + (n̂2 − sin2θ inr
)1/2

⎞

⎠
2

+
⎛

⎝
cos θ inr − 1

μ̂

(
n̂2 − sin2θ inr

)1/2

cos θ inr + 1
μ̂

(
n̂2 − sin2θ inr

)1/2

⎞

⎠
2
⎤

⎥⎦

(49)

The ratios of magnetic permeabilities and refractive indices
in the absorbing and the surrounding medium are denoted

μ̂ and n̂, respectively. A graphical illustration of the func-
tion R

(
θ inr , n̂, μ̂ = 1

)
can be found in [38]. In this work,

the reflectivity (49) has been implemented with the constant
values μ̂ = 1 and n̂ = 2.4.

Note that the speed of reflected rays may be too low to
leave the detection sphere within one time step. To guarantee
that a reflected ray is not reflected again before it has left the
detection sphere, the sign of the scalar product

(
nr · nre f l

)
is

checked. A positive sign indicates an already reflected and a
negative sign an incident ray. This is illustrated in Fig. 11b.
The algorithmic implementation of the ray tracing scheme is
summarized in Fig. 12.
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Table 1 Results of sphere
irradiation test case

Beer–Lambert Corr. Beer–Lambert Ray tracing

Absorbed energy 0.152 mJ 0.206 mJ 0.206 mJ

Maximum temperature 1520 K 1758 K 2528 K

Equilibrium time 0.205 ms 0.207 ms 0.249 ms

5.4 Comparison of heat source modeling

A sphere with a radius of 20 µm is irradiated for the dura-
tion tirr = 0.1 ms. The sphere is discretized into 343 nodes
and 1465 material points. The time step size in all simula-
tions is �t = 10−7s. The radial intensity distribution of the
laser energy follows a normalized Gaussian distribution (see
Eq. 5). The beam radius is R = 20 µm and the laser power
of the constant beam is given by Plaser = 2.5 W. The result-
ing temperature evolution using a Beer–Lambert type heat
source and the ray tracing scheme are compared. With the
ray tracing scheme, the absorption radius is rabs = 8 µm
and reflection is computed as described in Sect. 5.3.

It has been found that 82% of the emitted energy were
absorbed with the ray tracing scheme. This result has been
validated by comparison with the theoretical value of 81.3%
obtained with the softwareMathematica, see (58) and (59) in
the appendix for details. Hence, in the Beer–Lambert model
a static absorption coefficient ζ = 0.82 has been used. The
powder bed depth L in (13) is equal to the diameter of the
sphere, i.e. L = 40 µm.

As was graphically illustrated in Fig. 3b, the geometry of
the sphere and the volumetric intensity distribution do not
fully overlap. To overcome this issue, the following correc-
tion is introduced:

I corr (r , z) = I (r , z)
πR2L

vH AZ
h

(50)

HereπR2L is the cylindrical volume affected by the intensity
function I (r , z)with R the laser beam radius. The discretized
volume of the actual heat affected zone is denoted vH AZ

h .
The influence of the corrected intensity distribution (50) is
evaluated in Table 1 and graphically illustrated in Fig. 13a
and b.Without correction, about 25% less energy is absorbed
by the sphere. However, the difference in equilibrium time is
negligible. The reason is that the laser power is quite evenly
distributed inside the volume according to the Beer–Lambert
law. With the volumetric heat source, increasing the power
does not cause significantly larger temperature gradients.

The results obtained with the ray tracing scheme are
depicted in Fig. 13c and d. In Fig. 13c a very fine laser dis-
cretization has been used with �tr = �t and nrpl = 250. In
Fig. 13d the laser discretization has been chosen according to
Eqs. 42 and 43 yielding to �tr = 10�t and nrpl = 94. The
convergence study in Fig. 14 shows that the criteria used to

estimate the optimal laser discretization are valid. The max-
imum temperature obtained with �tr = 10�t only deviates
about 2.42% compared to the smaller time step �tr = �t
if nrpl is chosen appropriately. Comparing the ray tracing
approach with the volumetric heat source, it can be seen that
the heat input ismuchmore localized. Themaximum temper-
ature is about 66% higher and it takes 20% longer to achieve
equilibrium time, see Table 1. Even the maximum tempera-
ture and the consolidation time obtained with the corrected
volumetric heat source heavily differ from the ray tracing
results.

Additionally, in Fig. 15a the influence of the absorption
radius rabs is illustrated. For small values of rabs , the heat
input is strongly localized yielding to an increase of maxi-
mum temperature. When larger values of rabs are used, the
laser is allowed to disperse deeper into the part. The heat is
distributedmore evenly and, as a consequence, themaximum
temperature is lower. With a further increase of rabs , θmax

converges towards a horizontal asymptote. In the outline of
this work, the absorption radius has been set to rabs = 8µm.

Note that in this simple numerical example the CPU time
using ray tracing is with 128% increase dramatically higher
as compared to the volumetric heat source approach. This
is due to the simplicity of the spherical geometry and its
coarse spatial discretization. When the thermo-mechanical
problem is solved and the number of degrees of freedom
increases as in the example discussed inSect. 6, the additional
computational effort is only about 3.3%.

5.5 Investigation of laser pulsing

The effect of laser pulsing on maximum temperature has
been studied for the insulated sphere in the previous section.
A rectangular laser pulse is assumed, see (2). Irradiation time
and laser power have been set to tirr = 0.1 ms and Plaser =
0.25 W, respectively. In Fig. 15b, the maximum temperature
is plotted as a function of the pulsingwidth�tpuls . The effect
of varying repetition rates frep = {50, 100, 200} kHz is also
investigated.

As graphically illustrated in Fig. 2, at a constant repetition
rate a smaller pulsing period yields a higher pulsing power.
Per consequence, themaximum temperature decreases expo-
nentially with increasing pulsing period. At a fixed pulsing
period, the pulsing power decreases with increasing repe-
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Fig. 13 Temperature distribution at T = 0.1 ms caused by laser irradiation with Plaser = 2.5 W. a Beer–Lambert. b Corrected Beer Lambert.
c High resolution ray tracing. d Sufficient ray discretization

Fig. 14 Influence of the ray
discretization on the time to
achieve equilibrium temperature
(left) and on the maximum
temperature (right). The time
increment of the thermal
problem is �t = 10−7s

tition rate and the resulting maximum temperature drops.
These effects are displayed by the curves in Fig. 15b.

Zohdi [41] has shown that in addition to a pulsing heat
source a thermally relaxed heat equation is necessary to
accurately predict heat waves. However, this requires the
relaxation time as an additional model parameter. While
Mumtaz and Hopkinson [26] have investigated the effect of
pulsing laser beams on the surface quality of SLM fabri-
cated parts experimentally, in practice often continuous laser
beams are used. The particle fusion analysis presented in
Sect. 6 is restricted to this case.

6 Laser irradiation andmelting of metal
powder particles

The importance of heat sourcemodeling in SLMprocess sim-
ulation is illustrated bymeans of a simple numerical test case.
It consists of two metal powder particles laying on a solid
substrate. The thermal and mechanical contact is modeled
with a penalty regularization as discussed in the appendix.
As sketched in Fig. 16, a continuous laser travels from 20µm
in front of the part to 20 µm behind it. The beam radius is
R = 60 µm and the scan speed vlaser = 0.2 ms−1. Hence,
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Fig. 15 a Influence of
absorption radius rabs on
maximum temperature. b The
effect of laser pulsing on
maximum temperature (dotted)
compared to a continuous laser
beam (solid line) with
�t = �tr = 10−8s and
tirr = 0.1ms

Table 2 Material properties,
laser specifications and
numerical parameter

Symbol Value

Thermomechanical parameter

Poisson’s ratio ν 0.25

Compression modulus K 0.13 GPa

Viscosity of molten metal η 0.1 kg/(sm)

Surface tension coefficient γ 1.7 N/m

Thermal expansion coefficient αth 1.75 × 10−3

Latent heat of melting (vaporization) Lm (Lv) 0.299 MJ/kg (6.09 MJ/kg)

Melting (evaporating) temperature Tmelt (Tvap) 1770 K (3130 K)

Initial density ρ0 (θini = 300K) 7900 kg/m3

Laser parameter

Scan rate vlaser 0.2 m/s

Laser beam radius R 60 µm

Gusarov parameter

Optical thickness λ 2

Hemispherical reflectivity ρh 0.7

Powder bed depth L 40 µm

Particle diameter D 40 µm

Numerical parameter

Stabilization parameter εs 10−8

Contact parameter εc 3 × 106

LME constant γ 1.2

the irradiation time is tirr = 600 µs. A time step size of
�t = 1 µs is used for the implicit thermo-mechanical sim-
ulations, i.e. the laser irradiation is discretized into 600 time
steps. Due to the relatively large time step size �t , a fur-
ther reduction of the time step size of ray creation �tr is not
appropriate. When smaller time step sizes are used, reduc-
ing �tr according to (42) is a promising option to limit the
computational time. The beam is discretized according to
(43) with Alaser = 3.2 × 10−9m2 into nrpl = 238 rays per
level and the geometry into 1691 nodes and 7441 material
points. Convergence of the stabilized OTM method for the
aforementioned spatial and temporal discretization has been
shown in [30]. The thermal conductivity

k =
{(

0.0135 1
K · θ + 9.345

) W
m K ∀ θ ∈ [300, Tm]

32.4 W
m K ∀ θ > Tm

(51)

and the heat capacity

c =
{(

0.258 1
K · θ + 376.406

) J
kg ∀θ ∈ [300, Tm]

815 J
kg ∀θ > Tm

(52)

are simplifications of the data reported by The International
Nickel Company [28]. The remaining material and process
data are summarized in Table 2. Further details on the mate-
rial parameters used in the simulations can be found in [30].
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Fig. 16 Left: metal particle fusion test case. Laser irradiation starts at the position xon and ends at xoff. Right: definition of the gap indicator as one
minus the metal volume divided by the volume of the transparent box

The results obtained with the ray tracing algorithm and the
Gusarov-type volumetric heat source are compared bymeans
of a parameter study. For this purpose, multiple parameter
sets have been simulated in parallel.

The fusion of metal powder particles is investigated by
means of a gap indicator, the maximum temperature occur-
ring during laser irradiation and the consolidation time. The
latter ismeasured as the timeuntil all nodal temperatures have
dropped below the melting point. The gap indicator provides
a measure of the fusion bond and is graphically illustrated in
Fig. 16. It is defined as one minus the ratio of metal volume
that lays inside a box spanned by the two midpoints of the
powder particles and the initial surface of the solid substrate.
In the initial state, the gap indicator � is equal to one minus
the packing density:

� = 1 − vmetal

vbox
≈ 0.48 (53)

The three quantities of interest are plotted as a function of
laser power and absorbed energy in Fig. 17. When plotted
against the laser power, the difference between ray tracing
and volumetricGusarovmodel is significant. Two reasons are
responsible for this difference: First, in the Gusarov model,
a bell-like radial intensity distribution has been used, see
(10), while a Gaussian distribution was assumed with the ray
tracing model, see (5). Second, and most importantly, at the
same laser power less energy is distributed into the part with
the Gusarov model. This is due to the insufficient overlap of
volumetric intensity distribution and geometry.

Figure 18 shows that the absorbed energy linearly depends
on the laser power. Note that the absorbed energy is an
outcome of the simulation and depends on the heat source
formulation. Only the laser power can be used as an input
parameter. When plotted against the absorbed energy, gap
function and consolidation time are nearly identical for both
heat source models. An important difference exists in the
maximum temperature evolution. With both schemes, the
maximum temperature increases up to a kink, where the
slope of the curve drastically decreases. This is the onset
of vaporization. The absorption of latent heat in the temper-
ature interval around the boiling point Tv = 3130 K delays
the maximum temperature evolution. With the ray tracing
scheme, the slope within this region is larger compared to
the Gusarov-type heat source. After leaving the absorption
interval, the slope of the maximum temperature increases.
The difference in the evolution of the maximum tempera-
ture can be explained graphically from Fig. 19. With both
heat source models, the same amount of energy has been
absorbed by the system.Using the volumetric heat source, the
heat is more evenly distributed. Vaporization occurs homo-
geneously within a relatively large region. The maximum
temperature lies within the absorption interval of latent heat
of vaporization. Using ray tracing, the heat input is much
more localized, leading to a small region near the surface
where the metal is vaporized. In the simulations, vaporized
material points have not been removed from the computa-
tions but modeled as melt, so that the final geometry looks
identical to the one obtained with the volumetric heat source.
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Fig. 17 Gap function, cooling
time and maximum temperature
as a function of laser power
(left) and absorbed energy
(right) with αpowder = 103

W/(m2 K). The results obtained
with the ray tracing algorithm
(black dots) are compared to
those when a Gusarov-type heat
source (green pentagon) is used.
The solid lines in the third row
mark the interval in which the
latent heat of vaporization is
absorbed. (Color figure online)
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Nevertheless, the dramatic effect of heat source modeling on
vaporization is illustrated.

The simulations highlight two key advantages of ray
tracing over volumetric heat source approaches: First, the
absorbed energy canbe computedmuchmore precisely based
on the Fresnel equations. Second, a local layer of vaporiza-
tion can be predicted. Numerical parameters in the Fresnel
equations and the absorption radius can be adjusted to fit
experimentally measured results independently of the irradi-
ated geometry.

7 Conclusion

A coupling scheme for ray tracing andmeshfree methods has
been established. In order to avoid a computationally expen-
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Fig. 18 Absorbed energy as a function of laser power with the ray trac-
ing scheme (black dots) and a volumetric heat source (green pentagons).
(Color figure online)
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Fig. 19 Melting and solidification of two laser irradiatedmetal particles
that absorb the energy 1.97 mJ. On the top, the laser is described with
a volumetric heat source and in the middle and on the bottom with the
ray tracing algorithm. In the middle, the rays are hidden to highlight the

localized heat input. The temperature is scaled to the interval in which
the latent heat of vaporization is absorbed. a t = 0 ms. b t = 0.25 ms.
c t = 0.6 ms. d t = 6.65 ms

sive surface triangulation, the rays are used to identify the free
surface. To ensure convergence, a non-local formulation for
the absorption of rays is presented. A parameter is introduced
to control the locality of ray absorption. This parameter has a
physical interpretation: It represents the penetration of laser
radiation into the part. In order to determine the reflection,
surface normals are computed from the gradient of mass.
The approach is motivated from the well known Continuous
Surface Force (CSF) model which is commonly applied to
problems involving surface tension effects. While the pre-
sented method is easy to adopt for a variety of meshfree
methods, the algorithm has exemplary been implemented
into the stabilized Optimal Transportation Meshfree (OTM)
framework.

The ray tracing algorithm has been applied to a parti-
cle fusion analysis. Wessels et al. [30] have presented a
numerical test case consisting of two metal powder parti-
cles placed on a solid substrate. By choosing appropriate
boundary conditions, preliminary information about the pro-
cessability window of SLM can be gained. The results with

the ray tracing algorithm were compared to those obtained
with a volumetric heat source. It is illustrated that the overlap
of volumetric intensity distributions and the curved geome-
try of a powder bed is insufficient and cannot be corrected.
Furthermore, using ray tracing, the heat input is confined
in the proximity of the irradiated surface while volumetric
heat sources smear the absorbed energy within the part. This
yields to an underestimation of vaporization. For the afore-
mentioned reasons, ray tracing is the method of choice to
simulate laser–matter interaction in SLMprocesses. The effi-
ciency of the suggested algorithm enhances the applicability
of ray tracing for meshfree methods.

Acknowledgements This work was supported by the compute cluster,
which is funded by the Leibniz Universität Hannover, the Lower Sax-
onyMinistry of Science and Culture (MWK) and the German Research
Association (DFG). Henning Wessels acknowledges the generous sup-
port of the Fulbright association for an internship in the group of Prof.
Tarek I. Zohdi at the University of California, Berkeley.

123



Computational Mechanics

Appendix

Discrete matrices

With the Kronecker delta δI J , the heat capacity and the con-
ductivity matrices C and K are defined by:

C =
nmp⋃

p=1

Nsup
p n∑

I=1

Nsup
p n∑

J=1

NI
(
xp n
)
δI J m p cp n

K =
nmp⋃

p=1

Nsup
p n∑

I=1

Nsup
p n∑

J=1

NI
(
xp n
)

∂xp n

NJ
(
xp n
)

∂xp n
kp n vp n

(54)

Note that a lumped heat capacity matrix has been used in
order to reduce the under- and overshoots produced numer-
ically in the presence of sharp temperature gradients as
suggested in [7]. Details on the lumping concept can be found
in [19].

In the implicit scheme, the lumped mass matrix M com-
putes from:

M =
nmp⋃

p=1

Nsup
p n∑

I=1

Nsup
p n∑

J=1

NI (xp n) δI J m p (55)

The internal forces Ru and the thermal conduction Rθ are
formulated as a function of the unknown current values of
the primary variables:

Ru =
nmp⋃

p=1

Nsup
p n∑

I=1

Nsup
p n∑

J=1

BT
I J σ I J n+1

Rθ =
nmp⋃

p=1

Nsup
p n∑

I=1

Nsup
p n∑

J=1

NI
(
xp n
)

∂xp n+1

NJ
(
xp n
)

∂xp n+1
kp n vp n+1 θJ n+1

(56)

The definition of the B-matrix can be found for instance in
[31]. Although the shape functions of the previous time step
are used, their derivatives are computed with respect to the
current material point coordinate xp n+1:

∂NI
(
xp n+1

)

∂xp n+1
≈ ∂NI

(
xp n
)

∂xp n

∂xp n
∂xp n+1

= ∂NI
(
xp n
)

∂xp n

(
�Fp n+1

)−1
(57)

In the above equation, the incremental deformation gradi-
ent �F has been defined. Since a reference configuration is
not stored, �F is used to update the deformation gradient.

The computation of the stress tensor follows the constitu-
tive equations defined in Sect. 3. Details on the update of
kinematic quantities can be found in [30].

Absorption validation

The power fraction ζ absorbed by a hemisphere is computed
from the surface integral:

ζ =
∫ R

0

∫ 2πr

0

(
1 − Rr

(
θ in
))

Irad (r) dφdr (58)

With the radial intensity function from (5) and the substitu-
tions r = R sin

(
θ in
)
and dr = R cos

(
θ in
)
one obtains:

ζ =
∫ π

2

0

(
1 − Rr

(
θ in
))

4
sin
(
θ in
)
cos

(
θ in
)

1 − e−2 d`in (59)

The definite integral has been evaluated with the software
Mathematica using Rr

(
θ in
)
from (49) with the parameters

μ̂ = 1.0 and n̂ = 2.4. The result (ζ = 81.3%) is in very
good agreement with the coupled ray tracing OTM algorithm
(ζ = 82%) from Sect. 5.4.

Contact formulation

In the momentum equation, frictionless contact with a rigid
wall is modeled using a penalty regularization. The contact
force acting at a node is approximated by the normal pene-
tration gI and the penalty parameter εc:

Rcon
I n+1 = εc gI n+1 · nI gI n+1 = (xI n+1 − x̄I ) · nI

(60)

The gap gk+1
I n+1 is defined as the distance between the nodal

solution and the prescribed boundary displacement x̄I . The
normal nI and the prescribed boundary displacement x̄I are
constant in time.

In the energy equation, a linear temperature profile is
assumed from the boundary temperature θ to a region in
distance h where the temperature is in equilibrium, i.e.
θ0 = const .:

q̄ = −k grad θ ≈ −k
(θ − θ0)

h
(61)

This formulation is analogous to Newton’s law of cooling
that is commonly employed to model convective boundary
conditions. It is referred to as Robin boundary condition and
can be added to the strong form of the energy equation as
a surface flux. The quotient k/h is the heat transfer coeffi-
cient α. Its influence on the results of a metal particle fusion
simulation has been studied in detail in [30]. Since rigid con-
tact is assumed, the contact area is constant throughout the
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simulation. In OTM, the initial configuration is a tetrahedral
mesh. Hence, a triangulation of the initial surface is already
known. The increment dAl related to an integration point xl
on the triangulated surface follows from the norm of the cross
product of nodal coordinates xI . Nodal surface increments
can be interpolated from:

dAI =
3∑

l=1

1

3
dAl dAl = 1

2
| (x1 − x2) × (x3 − x2) |

(62)

This yields to a node-wise imposition of the Robin boundary
condition:

Rθ k+1
I n+1 = −α

(
θk+1
I n+1 − θ0

)
dAI (63)

A deeper insight into computational contact mechanics can
be found in [32].
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