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Variability of Targeted Material
Thermal Responses to Laser-
Induced Heating in Additive
Manufacturing
A widespread use of lasers in additive manufacturing is to induce a given temperature and a
phase transformation in materials deposited onto a substrate. For a laser to induce a phase
transformation in the material, the power intensity must be sufficiently high to induce
melting and, in all cases, stay below a vaporization or burn-off temperature of the target
material. Oftentimes, there is variability in the laser input to the target zone. For a
process designer, a central question is to determine the uncertainty of the resulting
target state, i.e., temperature and state (solid or melted), due to uncertainty in the energy
(laser) input. This motivates the present work, which integrates relatively fundamental
heat transfer models that describe the thermal effects due to (a) laser irradiation,
(b) heat conduction into the surface of deposition, (c) infrared radiation outwards into
the surroundings, (d) convection due to an exhaust apparatus to control the cooling of
the system, and (e) phase transformations, for a dry Nylon 6 powder as a sample material.
One key advantage of this framework is that it is amenable to a sensitivity and uncertainty
analysis with respect to any of its parameter inputs. Accordingly, uncertainty quantification
studies are also undertaken to ascertain the relationship between variation in laser input to
variation in the processed material state. Examples will be presented to illustrate the
thermal behavior of the numerical model. Due to its simplicity, this framework is designed
to be computationally implemented in a straightforward fashion. The model allows for rapid
computation and sensitivity analyses, which are provided as numerical examples. Exten-
sions are also given to include mass transport (losses) due to ablation of the target material.
[DOI: 10.1115/1.4043981]

1 Introduction
One of the primary uses of lasers in manufacturing is to induce a

prescribed temperature field within a target material. Specifically, a
subset of scenarios of key interest within additive manufacturing
(AM) processes involve depositing dry powder-based materials
onto a surface and then to heat the targeted material with a laser
in order to sinter or melt the target material. Householder [1] pio-
neered selective laser sintering (SLS) and melting (SLM) in 1979
and then Deckard [2] followed with his work in the mid-1980s.
Since then, significant advances have been achieved in the metal-
based AM industry as reviewed by Smith et al. [3]. Experimentally,
in the realm of materials and microstructure characterization, Voisin
et al. [4] studied the detrimental effects of defects and porosity on
as-built tensile properties of titanium alloys. Numerically, Wang
et al. [5] presented an integrated discrete element method-
computational fluid dynamics framework for simulating the deposi-
tion of dry powder particles and subsequent phase changes by SLM
and electron beam selective melting processes.1 Additional models
and simulation methods for capturing the SLS/SLM processes are
presented by Zohdi [6,7]. Selective laser sintering and melting pro-
cesses are not restricted to metallic powders, however, as it also
applies to polymeric [8] and ceramic [9] powder materials, as high-
lighted by Kinstlinger et al. [10].

In some regimes and related manufacturing processes, a particle
mixture may be fluid-like (as opposed to solid-like) and saturated
with an interstitial fluid or embedded within a fluid medium. In
such cases, the fluid dynamics interaction with the particles can
play a major role on the system behavior. This can also involve
the evolution of heat. A spatiotemporal discretization can be used
to solve coupled fluid-particle systems, by employing finite
element, finite difference, or finite volume methods coupled to dis-
crete element methods. There has been ample research that is suited
to describe the powder bed dynamics of an SLS process. Oñate et al.
[11–13] give an extension of Lagrangian particle finite element
methods for fluid interactions at solid–fluid and solid–solid inter-
faces in soil mechanics; Carbonell et al. [14] describes the adapta-
tion of the particle finite element method to model tool wear for
tunneling applications through soil particles; Labra and Oñate
[15] employ a finite element mesh to develop an algorithm to effi-
ciently generate high-density packing of spherical particles; Rojek
et al. [16] and Rojek [17] present discrete element models for con-
tacting spherical particles; Avci and Wriggers [18] use a coupled
descrete element and finite element method for particle-fluid inter-
actions; Leonardi et al. [19] present a Lattice-Boltzmann adaptation
for simulating non-Newtonian rheology, free surfaces, and moving
boundaries; and Bolintineanu et al. [20] review methods for han-
dling simulations of the dynamics of colloidal suspensions at the
mesoscale. All of these studies present techniques to simulate the
dynamics of a complex powder particle deposition phase and the
rheology of polymer melt flow in an SLS process. Furthermore,
work by Salloum et al. [21] represents advances in the optimization
of computation cost by providing an efficient data compression/
decompression method for storing and transferring large data sets.
In this study, we focus on a thermal model for SLS processing

applied to a Nylon 6 polymer. However, this lumped mass model
can be useful to simulate any metal, polymeric, or ceramic-based

1Additional techniques used in a generalized AM process can include (a) ink jet
printing, consists of a pressurized, a heated, and/or a vibrating small orifice to
project small ink droplets for deposition on a substrate, and dried by UV light or
other means, (b) aerosol jetting, which directs streams of atomized, high-velocity par-
ticles toward a substrate, and (c) electron beam melting, which bonds powdered mate-
rial under a high vacuum layer-by-layer via an electron beam.
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AM process, as governed by the first law of thermodynamics, by
employing relevant input material properties.
Heating of materials by way of laser-based processes is attractive

in manufacturing due to the precision that it offers, with a nominal
focus diameter not larger than 0.5mm. Lasers offer a highly control-
lable method to deliver the necessary amount of localized energy to
process powdered material due to its collimated (parallel) and
monochromatic energy and to its ability to pulse at a prescribed fre-
quency by beam chopping or by modulating the voltage. Some
typical lasers used are yttrium aluminum garnett for processing
ceramics and metals and carbon dioxide (CO2) for polymeric mate-
rials. Industrial lasers range in power, approximately from 1 to
10,000W for polymeric materials. However, if not properly con-
trolled, laser procedures can cause excessive variability in the
quality of the as-built parts as well as thermal damage to the mate-
rial and the substrate. These concerns have motivated the present
work, in which we build a lumped mass thermal model based to
simulate temperature changes of dry Nylon 6 powder due to input
power from a laser beam, based on the SLS process. This model
will allow us to quantify the sensitivity of the material temperature
based on perturbations of the input laser power. We explore the
thermal sensitivity on two lumped mass geometries: a cylindrical
and a spherical domain, embedded in a previously solidified
substrate.
The outline of the paper is as follows. Initially, we must build a

thermal model that allows us to achieve a target temperature without
phase transformations, by energy balance of a control volume that
accounts for

• incoming laser irradiance,
• heat conduction into the substrate,
• forced convection from an exhaust system, and
• infrared radiation to the surroundings.

We then represent this thermal model numerically, with
expanded functionality to include phase changes.
An uncertainty quantification is carried out by nondimensional

parameters that describe the relative contribution of each thermal
term. One key advantage of this framework is that it is amenable
to a sensitivity analysis. Accordingly, uncertainty quantification
studies are also undertaken to ascertain the effects of laser input per-
turbations on variations in the material processed state, with the
potential correlation to as-built part quality. Examples will be pre-
sented to illustrate the thermal behavior of the numerical model.
Due to its simplicity, this framework is designed to be computation-
ally implemented in a straightforward fashion so that it can be easily
implemented by researchers in the field, in particular those working
with AM technologies.
Remark. Specifically, AM is usually defined as the process of free-
form deposition of materials to build up structures from 3D
computer-aided design (CAD) data, as opposed to material-removal
processes such as machining and abrasion (ASTM). Huang et al.
[22] provide an overview of research activities in the AM commu-
nity. We denote that 3D printing (3DP) is synonymous to AM, a
term that has typically received the bulk of the attention, mainly
from commercial low-end hobbyist printers. This process utilizes
solid models built in a CAD package, which are sliced into layers
for sequential printing. ▪

2 Contributing Thermal Terms
Defining a “building block,” we begin by considering a control

volume of a lumped mass for a sample of material after it is depos-
ited on a substrate with a prescribed temperature, as shown in Fig. 1.
For now, we prescribe no phase transformations or mass losses in
order to properly estimate the power intensity of the laser that will
induce a temperature rise in within a specific time duration, or dwell
time, over the sample. This thermal model will serve as the basis for
this research. The first law of thermodynamics serves as our govern-
ing equation in order to perform an overall balance to quantify the
rate of change of the stored energy (Ẇ) and the heat input, which in

the simple case of no mass transfer and constant heat capacity reads
as Ẇ = (d/dt)(MHθ) =MHθ̇

( )

MHθ̇ = L1 + L2 + L3 + L4 (1)

where M is the mass inside of the control volume and H is the ther-
modynamic heat capacity, which is more detailed in Sec. 5. BothM
and H are assumed constant, initially. We have the following con-
tributing effects (denoted L1 → L4):

• Absorbed incident optical radiation (laser beam): L1 =
def

IaAI=
(Ii − Ir)AI , where I

a is the absorbed radiation per unit area, Ir=
RIi is the reflected radiation, R is the reflectivity of the material,
Ii is the incident radiation per unit area, and AI is the area of the
exposed (irradiated) surface.

• Conduction to the substrate (base): L2 =
def

(IK/L)(θB − θ)AB,
where θ and θB are the temperatures of the material and of
the substrate (base) onto which the target material is deposited,
respectively, AB is the area of contact between the base and the
target material, IK is the thermal conductivity of the material,
and L is the length scale across which thermal conduction
occurs.

• Emitted thermal radiation: L3 =
def

ϵσ(θ4S − θ4)ARS + ϵσ(θ4B−
θ4)ARB, where θS is the temperature of the surrounding air in
the build chamber, 0≤ ϵ≤ 1 is the target material emissivity,
σ= 5.670373 × 10−8 (W/m2 K4) is the Stefan–Boltzmann
constant, ARS is the area of the radiative surface exposed to
the surroundings and ARB=AB is the area of the radiative
surface in contact with the substrate material.

• Convection (e.g., from an exhaust system): L4 =
def

hC(θS−
θ)AC , where hC is the effective surface convection coefficient,
and AC is the area of the convective surface exposed to the
surroundings.

3 Relative Contributions: Order of Magnitude Analysis
In this section, we create nondimensional parameters for each

thermal contribution so that we can ultimately quantify the sensitiv-
ity of the model due to each term. We achieve this by normalizing
the governing equation (1), yielding

θ̇ =
IaAI

MH
1 +

L2

L1
+
L3

L1
+
L4

L1

( )
(2)

The nondimensional expressions of the contributing thermal terms
are defined according to Fig. 1, leaving behind the pertaining tem-
peratures, the dimensions of the target control volume, and the laser
power as variables,

CONVECTION

RADIATION

LASER

INFRARED

CONDUCTION

SUBSTRATE

h

2r

Fig. 1 An idealized powder particle domain deposited on a sub-
strate material and irradiated by laser energy
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• The ratio of conductive to laser contributions is

Conduction

Laser
=
L2

L1
=
IK(θB − θ)AB

LIaAI

≈
O(10−1)(θB − θ)AB

LIaAI

≈
θB − θ

LIa
O(10−1)

(3)

where 0.1≤ IK≤ 0.5 (W/m K) for typical polymeric materials,
and the ratio of the areas is assumed to be of order unity (AI≈
AB).

• The ratio of infrared radiation to laser contributions is

Radiation

Laser
=
L3

L1
=
ϵσ(θ4S − θ4)ARS

IaAI
+
ϵσ(θ4B − θ4)ARB

IaAI

≈
O(10−1)O(10−8)(θ4S − θ4)(ARS + ARB)

IaAI

≈
θ4S − θ4

Ia
O(10−9)

(4)

where the ratio of the areas is once again assumed to be of
order unity (AI≈ARB+ARS).

• The ratio of convective to laser contributions is

Convection

Laser
=
L4

L1
=
hC(θS − θ)AC

IaAI

≈
O(10−1)(θS − θ)AC

IaAI

≈
θS − θ

Ia
O(10−1)

(5)

again, the ratio of the areas is assumed to be of order unity
(AI ≈AC).

Even though we assume that the polymer material absorbs a
smaller portion of the incident irradiance than the reflected irradi-
ance, we can still rewrite the absorbed irradiance per unit area in
terms of the power input, Ia≈Pβ/AI where β = L1/P denotes the
fraction of absorbed power, yielding

• The ratio of conductive to laser contributions is

Conduction

Laser
≈
θB − θ

L
Pβ

AI

O(10−1) (6)

• The ratio of infrared radiation to laser contributions is

Radiation

Laser
≈
θ4S − θ4

Pβ

AI

O(10−9) (7)

• The ratio of convective to laser contributions is

Convection

Laser
≈
θS − θ
Pβ

AI

O(10−1) (8)

Using dermatological applications as a guiding standard for the
laser power input, we can say that it ranges as Pβ= 10nW (0≤ n
≤ 3). Assuming that we can focus the entire irradiance per unit
area on the target, we can express this quantity as

1
AI

≤ Ia ≤ 10n

AI
(9)

and so if we assume Ia≈ 10n/AI, we can generate the expressions for
the dimensionless ratios for each thermal contribution compared
with the laser energy with an explicit particle size factor AI.

• The ratio of conductive to laser contributions is

Conduction

Laser
≈
(θB − θ)AI

L
O(10−1−n) (10)

• The ratio of infrared radiation to laser contributions is

Radiation

Laser
≈ (θ4S − θ4) AI O(10−9−n) (11)

• The ratio of convective to laser contributions is

Convection

Laser
≈ (θS − θ) AI O(10−1−n) (12)

Clearly, for small particle size (or control volume) L, as it is the
case in this study, conduction can play a significant role. The ideal-
ized protrusion in Fig. 1 serves as an example, with the following
geometric quantities:

• Area in contact with base material: AB= πr2,
• Area exposed to the surroundings: AC= 2πrL+ πr2,
• Area of radiative surface exposed to surroundings: ARS= 2πrL

+ πr2,
• Area of radiative surface exposed to base material: ARB= πr2

and
• Area exposed to laser energy irradiation: AI= πr2.

For r≈ L, this yields AI/L≈ L and for r >L yields AI/L> r.
These relationships hint at the fact that, for a small target measuring
r≈ 10−4 m, the thermal conduction term will dominate the energy
balance, and it could become on the order of the laser input.
Note that these comparative ratios are dynamic due to changing

temperature difference factor during material cooling or heating.
Most notably, the infrared radiation to laser input ratio expression
will undergo the most change since it is a function of temperatures
raised to the fourth power. Therefore, we expect that radiation
effects will not be significant when the material maintains a low
temperature, but it will become a major contributor to the thermal
field during higher material temperatures.

4 Analytics: Thermal Responses for Special Cases
In order to obtain insight into the sensitivity of the system

response, we now consider special cases that are amenable to ana-
lytical methods. Afterward, we will treat the system numerically
with phase transformations included.

4.1 Special Thermal Cases

4.1.1 Case 1: Laser Irradiance and Conduction. Consider
now a special case of the general set of thermal models where we
only consider laser irradiation and conduction. Equation (1) simpli-
fies to

MHθ̇ = IaAI +
IKAB

L
(θB − θ) (13)

and it can be solved analytically, assuming θ(t= 0)= θB, yielding

θ(t) = θB +
IaAIL

IKAB
1 − e−

IKABt
MHL

( )
(14)

This relationship allows us to observe that

• The rise time for the temperature is dictated by the ratio of the
conduction to the thermodynamic heat capacity IKAB/MHL.

• At steady-state, e−
IKABt
MHL → 0 and

θ∞ = θB +
IaAIL

IKAB
(15)

which indicates that the ratio of Ia to IK/L dictates the
steady-state temperature θ∞ (assuming AI≈AB).
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• A substrate design or material that highly promotes thermal
conduction, where the conductive losses of the control
volume are instantaneous, we have IK→∞ and θ(t)= θB.

• A substrate design that is highly insulating, where the conduc-
tive losses are zero, we have IK→ 0 and θ(t)= θB+ (IaAIt/
MH). Here, the control volume will trap a maximum amount
of heat, and the radiative term will be increasingly more impor-
tant in the energy balance equation.

4.1.2 Case 2: Laser Irradiance, Conduction, and Convection.
Convection is an ever-present phenomenon and an integral part of
AM processes since it helps to control the cooling profile of the
part, both during and after printing. Accordingly, we add convec-
tion to Case 1, leading to

MHθ̇ = IaAI +
IKAB

L
(θB − θ) + hCAC(θS − θ) (16)

which yields a known analytical solution of

θ(t) = θB −
B

A

( )
e−At +

B

A
(17)

where we have

A =
IKAB

MHL
+
hCAC

MH

( )
(18)

and

B =
IKABθB
MHL

+
hCACθS
MH

+
IaAI

MH

( )
(19)

The quotient is

B

A
=

IKABθB
MHL

+
hCACθS
MH

+
IaAI

MH
IKAB

MHL
+

hCAC

MH

=

IKABθB
L

+ hCACθS + IaAI

IKAB

L
+ hCAC

(20)

Inverting the solution to solve for the time for the temperature to
reach a critical temperature, such as a known burning temperature
θ(t)= θ*, yields

t = t* = ln
θ* −

B

A

θB −
B

A

⎛
⎜⎝

⎞
⎟⎠

−1
A

(21)

Note that when the argument of the logarithmic function is negative,
the system can never reach the burning temperature. For the range
of parameters in this study, the denominator always remains nega-
tive, thus the sign of the numerator dictates whether the laser power
is sufficient to reach the burning temperature. Explicitly,

θ* −
B

A
≤ 0 ⇒ B

A
=

IKABθB
L

+ hCACθS + IaAI

IKAB

L
+ hCAC

≥ θ* (22)

Very strong conduction and/or convection at the laser intensity
setting chosen can cause an inability to meet this criterion. Accord-
ing to Eq. (21), as the convective coefficient approaches infinity
hC →∞, the time to burning also increase to infinity t*→∞. Fur-
thermore, from Eq. (20), as the convective coefficient increases to
infinity hC→∞, then B/A→ θS. In this case, a specified critical tem-
perature θ* can never be reached.

4.2 Sensitivity Analyses. An important question to address is
the sensitivity of the thermal response to the system parameters. In
this study, we pay special attention to laser power input perturba-
tions. Since we assume that the power delivery rate is uniform for
a desired simulated dwell time t̃, then the laser must be stationary
above the domain. In the case of a laser in motion, the power deliv-
ery rate during t̃ would be variable according to a Gaussian shape of
a typical laser beam. Specifically, consider the cases in the follow-
ing sections.

4.2.1 Case 1: Laser Irradiance and Conduction.

• Sensitivity to laser energy input
We find the sensitivity of the temperature of the material to

the laser power input perturbations ∂Ia with Eq. (14) such that

∂θ(t)
∂Ia

=
AIL

IKAB
1 − e−

IKABt
MHL

( )
(23)

As t→∞,

∂θ(t)
∂Ia

→
AIL

IKAB
=
AI

AB

L

IK
(24)

which clearly shows the sensitivity’s dependence on the
dimensionless ratio of the area of the laser and the area on
the conductive base.

• Process variation
A variation of the laser power ΔIa is one parameter that can

cause process variation Δθ. This variation could arise from
extrinsic factors such as human error, gradual fouling of the
laser lens, fluctuations of power in the laboratory, etc. To
understand this effect, we consider ΔIa as the sole source of
process variation. We express this as

Δθ =
∂θ(t)
∂Ia

ΔIa =
AIL

IKAB
1 − e−

IKABt
MHL

( )( )
︸������������︷︷������������︸

α(t)

ΔIa (25)

As t→∞,

Δθ =
∂θ(t)
∂Ia

ΔIa =
AI

AB

L

IK

( )
︸���︷︷���︸

α∞

ΔIa (26)

Predefining a laser dwell time over the material t̃, we can
define the process variation as

Δθ t̃
( )

=
∂θ(t̃)
∂Ia

ΔIa =
AIL

IKAB
1 − e−

IKAB t̃
MHL

( )( )
︸������������︷︷������������︸

α(t̃)

ΔIa (27)

Explicitly, Δθ t̃
( )

represents the range of temperatures
expected, across all samples, at the end of the dwell time t̃ if
we expect the laser intensity to vary within the predetermined
perturbation range ΔIa. Assuming that the laser intensity
parameter variation has a uniform distribution, a standard
deviation of the variation response θ t̃

( )
can be quantified.

4.2.2 Case 2: Laser Irradiance, Conduction, and Convection.

• Sensitivity to laser energy input
We find the sensitivity of the final temperature of the mate-

rial due to laser power input perturbations ∂Ia using Eq. (17)
such that,

∂θ(t)
∂Ia

=
AI(1 − e−At)
IKAB

L
+ hCAC

(28)
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As t→∞,

∂θ(t)
∂Ia

→
AI

IKAB

L
+ hCAC

(29)

which clearly shows the sensitivity’s dependence on the
dimensionless ratio of the area of the laser, the area on the con-
ductive base, and the convective area.

• Process variation
Again, we consider the process variation due to predeter-

mined perturbations of laser intensity from extrinsic factors
such that

Δθ =
∂θ(t)
∂Ia

ΔIa =
AI (1 − e−At)
IKAB

L
+ hCAC

⎛
⎜⎝

⎞
⎟⎠

︸���������︷︷���������︸
α(t)

ΔIa (30)

As t→∞,

Δθ =
∂θ(t)
∂Ia

ΔIa →
AI

IKAB

L
+ hCAC

⎛
⎜⎝

⎞
⎟⎠

︸���������︷︷���������︸
α∞

ΔIa (31)

which clearly shows the sensitivity’s dependence on the
dimensionless ratio of the area of the laser, the area on the con-
ductive base, and the convective area.

Finally, we define the process variation for a certain laser
irradiation dwell time,

Δθ t̃
( )

=
∂θ(t̃)
∂Ia

ΔIa =
AI (1 − e−At̃)
IKAB

L
+ hCAC

⎛
⎜⎝

⎞
⎟⎠

︸���������︷︷���������︸
α(t̃)

ΔIa (32)

In all cases, the factor α is the multiplier which indicates the
scaling of the laser input perturbation. In all cases, high conductiv-
ity and high convection lead to less sensitivity due to laser
perturbations.

5 General Time-Transient Simulations With Phase
Transformations
Until this point in the analysis, we have not included phase trans-

formations and latent heats. At this point, we must be more careful
with the definition of heat capacity. For example, consider a widely
used model, writing the thermodynamic stored energy rate directly
as

dW

dt
=
d(Mw)
dt

=
dM

dt
w +M

dw

dt
=
dM

dt
w +M

∂w
∂θ

dθ

dt
=
dM

dt
w +MH

dθ

dt
(33)

Here, w is the energy per unit mass and H= ∂w/∂θ represents the
thermodynamic specific heat capacity. Thus,

Ẇ = Ṁw +MHθ̇ = L1 + L2 + L3 + L4 (34)

Remark. An alternative simple model, used often in continuum
mechanics applications, is to write the thermodynamic stored
energy directly as

W =MCθ (35)

which is rather phenomenological. The heat capacity parameter C is
time-dependent (implicitly through θ dependency). The rate of

energy reads as

dW

dt
= ṀCθ +MĊθ +MCθ̇ (36)

thus

Ẇ =
d

dt
(MCθ) = ṀCθ +MĊθ +MCθ̇ = L1 + L2 + L3 + L4

(37)

Equations (34) and (37) are mathematically equivalent. To see this,
one can write

Ẇ = Ṁw +MHθ̇ = ṀCθ +MĊθ +MCθ̇ (38)

For example, in the case where Ṁ = 0

Ẇ =MHθ̇ =MĊθ +MCθ̇ ⇒ Hθ̇ = Ċθ + Cθ̇ (39)

or, alternatively

∂w
∂θ

= H =
∂C
∂θ

θ + C (40)

The advantages of one representation over another depend on the
data available. Despite some mathematical advantages in using the
model in Eq. (35) (in cases of mass transfer), we will continue to use
the model in Eq. (34), due to the more readily available data. ▪

5.1 Phase Transformations. To include phase transforma-
tions, for example, melting and solidification, we include a ther-
mally dependent heat capacity (due to latent heats, and the
material phase) by utilizing the following cases:

• Solid → solid: If θ(t) < θm and θ(t+Δt) < θm then no melting
occurs, so we use H(θ(t))=HS in the governing equation.

• Solid → liquid: If θ(t) < θm and θ(t+Δt)≥ θm then melting
occurs, so we use H(θ(t)) = HS + (δPS→L/δθ) in the governing
equation.

• Liquid → liquid: If θ(t)≥ θm and θ(t+Δt)≥ θm then material
remains melted, so we use H(θ(t))=HL in the governing
equation.

• Liquid → solid: If θ(t)≥ θm and θ(t+Δt) < θm then solidifica-
tion occurs, so we use H(θ) = HL + (δPL→S/δθ) in the govern-
ing equation.

Here, HS is the solid phase heat capacity and HL is the liquid
phase heat capacity and

• 0 < δPS→L represents the latent heat of melting,
• 0 < δPL→S represents the latent heat of solidification, and
• 0 < δθ represents a “bandwidth” over which the phase transfor-

mation takes place.

Remark 1. Latent heats are defined to represent the energy absorbed
or released to transform the material from one initial phase to the
new phase during a constant-temperature process for a certain
time interval. In this case, we want to observe the effects of a cons-
tant energy input rate on the material temperature. ▪
The latent heats modify the heat capacity term H inside of the

temperature bandwidth δθ so that physically correct effects of a
phase change are captured. For example, in the case of melting
(solid to liquid), the latent heat of melting increases the heat capac-
ity during the phase transformation and so a low-temperature rise
can be observed.2 This model is relatively straightforward to
include within the upcoming computational framework.
Remark 2. We can also include a material burn off represented as
vaporization, which is discussed in Sec. 8. This process can also
involve mass transfer out of the control volume, thus Ṁ ≠ 0. ▪

5.2 System Discretization. We employ an implicit trapezoidal
rule time integration scheme for solving the balance of energy
(assuming that the mass is constant). This time integration

2In the idealized limit, the temperature would be constant.
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scheme calculates the material temperature at a half time step (ϕ=
0.5) with contributions from the temperatures at the current time
step and at the next time step. We first guess the temperature at
the next time step and then we iterate until we converge on a solu-
tion, within a prescribed tolerance. Normally, we were able to gain
convergence well within six iterations. In this study, we chose ϕ=
0.5, meaning that the contributions from the temperatures at the
current and at the next time step have equal weights. Again, the gov-
erning equation for energy balance is

MHθ̇ = L1 + L2 + L3 + L4 (41)

thus,

θ̇|t+ϕΔt ≈
θ(t + Δt) − θ(t)

Δt

=
1

MH(t + ϕΔt)
L1 + L2 + L3 + L4( )|t+ϕΔt

( )
leading to

θ(t + Δt) = θ(t) +
Δt
MH

L1 + L2 + L3 + L4

( )
|t+ϕΔt (42)

The solution procedure is straightforward. At a given time step:

• Step 1: Update temperature

θk+1(t + Δt) = θ(t) +
Δt
MH

L1 + L2 + L3 + L4( )
( )k

|t+ϕΔt
(43)

• Step 2: Check for phase transformations and update H(t+
ϕΔt).

• Step 3: Iterate until convergence (k= 1,….) to within a prede-
termined tolerance, and time is advanced.

• Step 4: Repeat steps 1–3 at the next time step.

6 Numerical Examples With Laser Perturbations
We consider the idealized lumped mass cylindrical domain

shown in Fig. 1, irradiated by a prescribed laser power P in
Watts. The parameters used pertained to material properties of a
typical polyamide Nylon 6, which is widely used in SLS processes.

6.1 Lumped Mass Problem Definition. The material proper-
ties and process parameters were as follows:

• L= 80.1 μm,
• r= 80.1 μm,
• θB= 295 K,
• θS= 295 K,
• θ*= 106 K,
• ρ= 1130 kg/m3,
• IK= 0.23 W/m K,
• ϵ= 0.75, and
• hC= 5.7 W/m2 K,

where the particle size geometries L and r are based on a mean par-
ticle size of a proprietary dry Nylon 6 powder formulation commer-
cialized by BASF for SLS processing; the temperature parameters
θB, θS, and θ* were based on real process settings typically em-
ployed by researchers at BASF laboratories; the thermal conductiv-
ity ϵ value follows work from experimental methods by Okada et al.
[23]; the density ρ and conductivity IK values taken from data pub-
lished by the Polymer Data Handbook [24]; and the convection
coefficient assumes free convection values based on Eq. (1) as
reported by Sartori [25] for a vertical plate.
A population of these idealized lumped mass domains were sub-

jected to laser power perturbations. Generated Pi parameter input
values, where i= 1, 2, … N, were based on an evenly spaced
uniform distribution with a range of ±ΔP and mean �P to simulate

perturbations in the laser power input from extrinsic effects
(again, human error or lens fouling). Furthermore, a battery of
cases at various �P levels were run, each corresponding to a laser
power intensity level Ia, in order to quantify its effects on the sen-
sitivity of the thermal field at time t̃. For these stochastic studies, we
used the following laser input and sample population parameters:

• N= 100 samples,
• 0.004 W/m2≤ Ia≤ 1.5 W/m2,
• ΔP/�P = 0.1,
• t̃ = 1 s,

For the possible phase transformations, we used Nylon 6 thermo-
dynamic data reported by studies performed byMillot et al. [26] and
data published by the Polymer Data Handbook [24]. These param-
eters are as follows:

• θm= 493 K,
• HS(θ)= 4.502 · θ+ 138.7 J/kg K,
• HL(θ)= 1.348 · θ+ 1979.3 J/kg K,
• δPS→L/δθ = 1 J/kgK,
• δPL→S/δθ = 1 J/kgK.

Also, we assumed that the surrounding substrate and environ-
ment are heat sinks whose temperatures are constant. The time-step
size Δt was chosen to be sufficiently small so that the results are not
sensitive to further reductions of Δt. This indicates that we expect
the results to contain a negligible numerical error.

6.2 Uncertainty Quantification. This section gives a brief
overview of the moments of distributions for developing uncer-
tainty calculations. Any generic quantity of interest Y with a distri-
bution of values Y = {Y1,Y2,...,YN} has moments about an arbitrary
reference point, denoted Y⋆, as follows:

ZYi−Y⋆

r =
def

∑Np

i=1 ai(Yi − Y⋆)r∑Np

i=1 ai
=
def

(Yi − Y⋆)r (44)

where r denotes the “rth” moment of the distribution. The various
moments characterize the distribution, for example:

(1) ZYi−μ
1 equals zero as it measures the first deviation about the

mean μ,

(2) ZYi−0
1 =def

∑Np

i=1 ai(Yi − 0)/
∑Np

i=1 ai =
def

(Yi − 0) = μ, is the mean
(3) ZYi−μ

2 is the standard deviation,
(4) ZYi−μ

3 is the skewness (third moment), which is an indicator
of the asymmetry, or bias, and

(5) ZYi−μ
4 is the kurtosis (fourth moment), which indicates the

“tightness” of the distribution.
The two most important quantities are the mean (μ) and the stan-

dard deviation (S), and a key dimensionless quantity is S/μ which
can be interpreted either as the quantification of the uncertainty
around the mean or as a percentage error. For the purposes of this
analysis, ai= 1, μ = �θ t̃

( )
, and S = Δθ t̃

( )
. We must quantify Δθ/�θ

at each laser power intensity level Ia based on the distribution of
the final material temperatures θ t̃

( )
across the N samples. This

Δθ/�θ quantification serves as a gauge for the process sensitivity;
a higher value corresponds to a wider spread of final temperatures.

6.3 Numerical Results. Figures 2(a) and 2(b) depict the
process sensitivity results varying the input wattage between
0.004− 1.5W. These plots show the normalized standard deviation
Δθ/�θ, otherwise known as the sensitivity, of the final temperatures
from five cases:

(1) Isolated thermal contributions from conduction,
(2) Isolated thermal contributions from convection,
(3) Isolated thermal contributions from radiation,
(4) No cooling, and
(5) All thermal contributions (conduction, convection, and

radiation).
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Table 1 illustrates the average resulting temperature �θ, the stan-
dard deviation Δθ, and the normalized standard deviation, or sensi-
tivity, with perturbations of the laser input power. The peak
normalized standard deviation occurs at approximately 0.05W,
and so material samples will experience an irradiation within the
range of 0.05W ±10%. Material samples experiencing laser irradi-
ation closer to the higher bound will have fully attained their
steady-state temperature, whereas the samples that experience
laser inputs closer to the lower bound are in the process of

heating up toward their steady-state temperature. As expected, the
steady-state temperature is unique for each laser power input
level, and it is based on the cooling effects from radiated heat at
higher material temperatures.
Samples that have reached the steady-state temperature have tran-

sitioned from chiefly conductive cooling to radiative cooling. As the
laser input power continues to be increased, more and more material
samples will have reached their steady-state temperature and so the
range of the final temperatures gets increasingly tighter. To rein-
force these conjectures, we must focus on the trends on Figs. 2(a)
and 2(b), especially on the bold line that represents the process sen-
sitivity for the case when all thermal contributions are considered.
Initially, between 0.004 and 0.04W, this bold line closely follows
the trend when only conduction is considered, serving as evidence
that the effects due to conduction indeed dominate the thermal
balance within this laser power input range. However, with higher
laser power, the material is allowed to reach higher final tempera-
tures, and radiation takes over as this term is a function of temper-
ature raised to the fourth power. The bold line now deviates from
the conduction-only case and approaches the radiation-only trend.
Ultimately, the effects due to radiation will overcome the effects
by conduction and convection.
It is interesting to note that for the surface convection coefficient

hC chosen, its effects are negligible. We can make this claim since
the sensitivity trend for the case with just convection follows closely

Table 1 Cylindrical domain: thermal variation as a function of
laser input power with perturbations. The peak normalized
standard deviation occurs when some sample have reached
their steady-state temperature and others have not, at
approximately 0.05W.

�P, Avg.
Input (W)

�θ, Avg. Final
Temp. (K)

Δθ, Std.
Deviation (K)

Δθ
�θ

0.001 312.06 1.00 0.0032028
0.04 962.74 34.77 0.036123
0.08 1451.62 48.35 0.033308
0.12 1797.73 52.48 0.029197
0.16 2028.36 54.05 0.026650

(a)

(b)

Fig. 2 Cylindrical domain: sensitivity of final temperatures due to laser irradiation perturbations
for a lumped mass for cases (1) without thermal contributions (no cooling), (2) with all thermal con-
tributions, and (3)–(5) with isolated thermal contributions: (a) sensitivity of final temperatures due to
laser irradiation perturbations and (b) a more detailed view of the high-sensitivity area
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the trend for the case without cooling effects. In this study, the
surface convection coefficient was set at hC= 5.7 W/m2 K, yielding
sensitivity differences between these cooling cases within 1.3 ×
10−5. We must also make note that these results chiefly pertain to
the material of choice: Nylon 6.
The temperatures are, of course, unrealistically high after melting

(and would probably vaporize) and are just for illustration purposes.
In these cases, one should consider vaporization and mass transfer,
which is discussed in Sec. 8.

7 A Modification for a Typical Powder Particle
Geometry
A particular example of interest in additive manufacturing is a

particle embedded in a powder bed as shown in Fig. 3, which is
being irradiated in order to sinter it to the system. This is, of
course, the basis of additive manufacturing. The previous algorithm
is the same, except that the volume and surface areas are different
than the cylindrical domain example discussed previously. We
can now define the surface areas in this model problem that affect
the energy balance terms.

• Area in contact with base material: AB = 1
2 × 4πr2,

• Area exposed to the surroundings: AC = 1
2 × 4πr2,

• Area of radiative surface exposed to surroundings:
ARS = 1

2 × 4πr2,
• Area of radiative surface exposed to base material: ARB = 1

2 ×
4πr2 and

• Effectively projected area exposed to laser energy irradiation:
AI= πr2.

This yields AI/r≈ πr. As an example, assuming a relatively small
target with a radius of r≈ 10−3 m, the conductive term will be
highly significant, as compared with the convective and radiative
terms in the energy balance. Additionally, the conductive term
could be on the order of the laser input. Thus, fundamentally, the
results should be similar to the case with the cylindrical domain
with a qualitative shift of the exact power input setting that corre-
sponds to the maximum sensitivity value. In fact, as seen in
Fig. 4 and Table 2, the maximum sensitivity has shifted to approx-
imately 0.11 W. This is primarily because of the slight difference of
geometric terms that control the relative contributions of convec-
tion, conduction, and thermal radiation. Following the same analy-
sis done for a cylindrical domain in Eq. (10), we can quantify the
order of magnitudes of the energy balance terms for a sphere.

• The ratio of conductive to laser contributions is

Conduction

Laser
≈ (θB − θ)πr O(10−1−n) (45)

• The ratio of infrared radiation to laser contributions is

Radiation

Laser
≈ (θ4S − θ4)πr2 O(10−9−n) (46)

• The ratio of convective to laser contributions is:

Convection

Laser
≈ O(10−1−n)(θS − θ)πr2 O(10−1−n) (47)

Fundamentally, the trends are the same. However, these two
cases deviate when we consider ablation in Sec. 8.

8 Extensions: General Simulations of Time-Transient
Effects With Phase Transformations and Mass Transfer
In some cases, one could also consider vaporization of the mate-

rial. The governing equation now yields

Ṁw +MHθ̇ = L1 + L2 + L3 + L4 (48)

Equation (48) requires that the energy per unit mass be identified.
Additionally, we modify the previous solid–liquid cases to yield
the following seven cases:

• Solid → solid: If θ(t) < θm and θ(t+Δt) < θm then the material
remains a solid, so we use H(θ(t))=HS in the governing
equation.

• Solid → liquid: If θ(t) < θm and θ(t+Δt)≥ θm then melting
occurs, so we use H(θ(t)) = HS + (δPS→L/δθ) in the governing
equation.

• Liquid → liquid: If θ(t)≥ θm and θ(t+Δt)≥ θm then the mate-
rial remains melted, so we use H(θ(t))=HL in the governing
equation.

• Liquid → solid: If θ(t)≥ θm and θ(t+Δt) < θm then solidifica-
tion occurs, so we use H(θ) = HL + (δPL→S/δθ) in the govern-
ing equation.

• Liquid → vapor: If θ(t) < θv and θ(t+Δt)≥ θv then vaporiza-
tion occurs, so we use H(θ(t)) = HL + (δPL→V/δθ) in the gov-
erning equation.

• Vapor→ vapor: If θ(t)≥ θv and θ(t+Δt)≥ θv then the material
remains a vapor, so we use H(θ(t))=HV in the governing
equation.

• Vapor → liquid: If θ(t)≥ θv and θ(t+Δt) < θv then condensa-
tion occurs, so we use H(θ(t)) = HV + (δPV→L/δθ) in the gov-
erning equation.

As in Sec. 5.1,HS is the solid phase heat capacity, HL is the liquid
phase heat capacity, and HV is the thermodynamic heat capacity of
the polymer in the gaseous phase and

laser

deposited powder

convection

conduction

radiation
thermal

Fig. 3 An idealization of an embedded particle in a powder pack
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• 0 < δPS→L is the latent heat of melting,
• 0 < δPL→S is the latent heat of solidification,
• 0 < δPL→V is the latent heat of vaporization,
• 0 < δPV→L is the latent heat of condensation, and
• 0 < δθ again represents a “bandwidth” over which the phase

transformation takes place.

In the case of vaporization, the mass of the target material will be
reduced. In order to simulate the time-transient to general melting
and ablation processes, we must reinforce Eq. (1) to take into
account a varying mass rate Ṁ due to burn-off, evaporation, or
even polymeric damage, if tracking mass by molecular weight is

preferred. One approach that describes the outflow of mass from
the control volume is an evolution law for mass loss that is governed
by the thermal field. This relationship is described as

Ṁ = −ζM
θ

θ*
− 1

( )
(49)

Here, θ* is the burning temperature, M is the total mass in the
control volume, ζ is the rate of removal per unit mass, with the fol-
lowing conditions:

• for above the burning threshold θ(t) > θ*: ζ= ζ* > 0 and
Ṁ < 0, and

• for below the burning threshold θ(t)≤ θ*: ζ= 0 and Ṁ = 0.

The quantity (θ/θ*− 1) functions as a normalized tempera-
ture cut-off function. In this framework, we can assume that the crit-
ical burn-off temperature is equivalent to the vaporization
temperature θV.

8.1 System Discretization. As before, we employ an implicit
Trapezoidal Rule time discretization (ϕ= 0.5) for the energy
balance in Eq. (48), yielding

θ̇|t+ϕΔt ≈
θ(t+Δt)− θ(t)

Δt
=

1
MH

L1 +L2 +L3 +L4 − Ṁw
( )( )

|t+ϕΔt
(50)

(a)

(b)

Fig. 4 Spherical domain: sensitivity of final temperatures due to laser irradiation perturbations
for a lumped mass with all thermal contributions: (a) sensitivity of final temperatures due to laser
irradiation perturbations and (b) a more detailed view of the high-sensitivity area

Table 2 Spherical domain: thermal variation as a function of
laser input power with perturbations. The peak normalized
standard deviation occurs when some samples have reached
their steady-state temperature and others have not at
approximately 0.11W.

�P, Avg.
Input (W)

�θ, Avg. Final
Temp. (K)

Δθ, Std.
Deviation (K)

Δθ
�θ

0.001 303.59 0.50 0.001658
0.04 650.46 20.46 0.031462
0.08 980.20 37.56 0.038326
0.12 1279.68 49.98 0.039059
0.16 1511.87 57.08 0.037760
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where we can integrate for the temperature at the next time step as

θ(t + Δt) = θ(t) +
Δt
MH

L1 + L2 + L3 + L4 − Ṁw
( )( )

|t+ϕΔt (51)

In a similar fashion, we can integrate for the vaporized mass loss by
employing Eq. (49) as

Ṁ ≈
M(t + Δt) −M(t)

Δt
= −ζM(t + ϕΔt)

θ(t + ϕΔt)
θ*

− 1

( )
(52)

which leads to

M(t + Δt) =M(t) − ΔtζM(t + ϕΔt)
θ(t + ϕΔt)

θ*
− 1

( )
(53)

We can now build a straightforward procedure to build the solution,
as outlined below.

• Step 1: Update the temperature at the current iteration step, k:

θk+1(t + Δt) = θ(t) +
Δt
MH

L1 + L2 + L3 + L4 − Ṁw
( )( )k

(54)

• Step 2: Update the mass, also at the current iteration step:

Mk+1 t + Δt( ) =M(t) − Δt ζ Mk(t + ϕΔt)
θk+1(t + ϕΔt)

θ*
− 1

( )

(55)

• Step 3: Check material temperature to identify phase trans-
formations to update the thermodynamic heat capacity
H(t + ϕΔt) accordingly. If one assumes that the temperature
is constant during phase transformations, then Ḣ = 0.
However, as noted before, H(θ) can change independently of
a phase transformation, thus Ḣ ≠ 0 in those cases.

• Step 4: Continue iterations (k= 1, 2, …) until convergence,
and

• Step 5: Advance time to the next time step and repeat steps
1–4.

If one were to repeat the preceding simulations for the cylin-
drical domain, the length of the height L would decrease since
the mass would be ablated away. To quantify this change, we
can compute the following, noting that in this example r remains
constant:

M(t) = ρπr2L(t) ⇒ L(t) =
M(t)
ρπr2

(56)

This relationship shows that as L→ 0, radiation plays a much more
dominant role at lower laser input power levels (as seen in Fig. 2),
while for the spherical domain, assuming a self-similar shrinkage,
we have

M(t) = ρπ
4
3
r(t)3 ⇒ r(t) =

M(t)

ρπ
4
3

⎛
⎜⎝

⎞
⎟⎠

1
3

(57)

Here, as r→ 0, radiation plays a major role at higher laser input
power levels (as seen in Fig. 4), compared with the cylindrical
domain.

9 Conclusions and Further Work
While there is certainly a great utility of models for design pur-

poses and for ascertaining trends, there is, however, a limit. To reli-
ably extend this work, more detailed optical and thermal modeling

(see, for example, Zohdi [27] and Gross [28] for overviews) should
be pursued if it is desirable to understand the laser ray scattering
properties of the lumped mass. Techniques that involve functiona-
lized dyes benefit laser-based processes greatly as their enhanced
properties can increase the thermal absorption into the material.
Electric currents (electrophoresis) direct the application of the
dyes in order to precisely target the deposition and interactions,
allowing for the operator or researcher to tailor the process for
each unique application.
Additionally, the material model can be further refined in order to

calculate physical and thermodynamic properties with high fidelity.
Using a differential scanning calorimetry curve derived from exper-
imental data for the material at hand and coupled with a thermody-
namic model that stochastically calculates the crystalline structure
of the solid, this model would integrate the material properties
based on the local temperature. This method would allow for the
accurate definition of the relationship between the thermodynamic
specific heat capacity and the material temperature.
Most critically, the spatial time step sizes for discretization of the

thermal fields in a one-, two-, or three-dimensional domain are of
interest and require the use of techniques based on, for example,
the combinations of finite difference, finite element, and discrete
element methods. Furthermore, an aspect of key interest is the char-
acterization of the movement of the domain and potentially hazard-
ous particulate ejecta. Ganeriwala and Zohdi [29], and Zohdi
[27,30–32] present a numerical simulation and a comprehensive
model of detailed, computationally intensive, modeling of the
dynamics and thermodynamics of these phenomena. There are
many physical mechanisms that conduce to the creation of ejecta.
Electronically induced molecular and macromolecular vibrations
are caused by photochemical and electronic ablation, hydrodynam-
ical ablation pertains to the flowing of molten micrometer droplets,
and laser energy liberates atomic bonds in photothermal ablation.
An example of a purely mechanical process can include exfoliation
in which material is removed in flakes by erosion. These mecha-
nisms are not mutually exclusive.
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