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Abstract In this paper a simulation technique is devel-
oped to estimate the number of ballistic fabric sheets
needed to stop an incoming projectile. Such sheets are free
of any fortification by a resin. The computational ap-
proach is designed so that it can be easily implemented by
a wide audience of researchers in the field, without re-
sorting to more involved finite element formulations. This
is achieved by taking advantage of the intrinsic charac-
teristics of such fabric structures. Since the deformations
of the fabric are (a) finite, (b) nonlinearly inelastic due to
progressive fiber degradation and (c) dynamically coupled
to the projectile, the system is highly nonlinear. A tem-
porally adaptive, iterative scheme is developed to solve the
system. Theoretical issues pertaining to convergence of the
algorithm are investigated. Large-scale 3-D numerical ex-
amples are then given to illustrate the approach in deter-
mining the number of sheets needed to stop a projectile.

Keywords Ballistic fabric shielding, Large-scale
simulation

1
Introduction
During the past three decades, lightweight ballistic fabric
has owed its success largely to the incorporation of high
strength polymeric fibers. Applications range from body
armor to the protection of mission-critical military and
commercial structural components. For overviews, recent
applications, models, and case studies see Roylance and
Wang [20], Taylor and Vinson [25], Shim et al. [21],
Shockey et al. [22], Johnson et al. [11], Tabiei and Jiang
[24] Kollegal and Sridharan [13], Simons et al. [23] and
Walker [27]. A primary current concern is to determine
the number of sheets of ballistic fabric shielding needed to
stop an incoming projectile. Such sheets are free of any
fortification by a solid resin. Experimental ballistic tests on

such materials are extremely expensive and time con-
suming. Therefore, it is advantageous to employ compu-
tational simulations to reduce the number of tests needed
for evaluations of new types of ballistic fabric armor that
appear on the market. For example, one such fabric is
Zylon, produced by the Toyobo Corporation (Toyobo
[26]), which constructed from woven PBO fibers. Zylon
has recently been applied by SRI to ballistic shielding of
aircraft (Shockey et al. [22], Simons et al. [23]).

In this paper a simulation technique is developed to
estimate the number of ballistic fabric sheets needed to
stop an incoming projectile. The technique is designed so
that it can be easily implemented by a wide audience of
researchers in the field, without resorting to more involved
finite element formulations, by taking advantage of the
intrinsic features of fabric structures. The outline of this
paper is as follows. In section two, the deformation of the
fabric, which is finite, nonlinearly inelastic due to pro-
gressive micro-filament rupture and dynamically coupled
to the projectile, is addressed. The equations of dynamic
equilibrium are also given. In section three, a recursive,
temporally adaptive scheme is developed to solve the
system. Theoretical issues pertaining to convergence of the
algorithm are investigated. Finally, 3-D numerical exam-
ples are then given to illustrate the approach in deter-
mining the number of sheets needed to stop a projectile.
Extensions to the model are then discussed.

2
A model for fiber response
Since the axial strains in the fibers comprising the fabric
net are expected to be in the range of 2%–10% before
rupturing, we consider a Kirchhoff-St. Venant material. In
the absence of any damage, the stored energy function for
such a material is WðEÞ ¼ 1

2 E :EY :E, where EY is the
elasticity tensor, E ¼def 1

2 ðC � 1Þ is the Green–Lagrange
strain, C ¼def

FT � F is the right Cauchy–Green strain,
F ¼ rXx is the deformation gradient and where X are
referential and x are current coordinates respectively.
Since the second Piola–Kirchhoff stress can be expressed
as S ¼ oW=oE, we may write S ¼ EY :E. After S has been
computed one may write r ¼ 1

J F � S � FT , r being

the Cauchy stress, where J is the Jacobian of F, J ¼ det F.
Due to the thinness of the fibers, we assume a plane

uniaxial-stress type condition. For the analysis of a single
fiber, we align the coordinate system with the undeformed
axial (x1) state, where C11 is the component of C along
the length of the fiber (Fig. 3). Due to the assumption re-
garding the stress state, S22 ¼ S33 ¼ 0. Because the material
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is assumed to be isotropic, this implies that the Cauchy
stress, written in terms of a coordinate system where one
axis is aligned with the deformed axial direction of the
fiber, also has only one nonzero component. By setting
S22 ¼ S33 ¼ 0, one obtains relations for C22 ¼ C33 in terms
of C11. Assuming that the material is isotropic we have

E11 ¼
S11

EY
� m

S22 þ S33

EY

� �
;

E22 ¼
S22

EY
� m

S11 þ S33

EY

� �
;

E33 ¼
S33

EY
� m

S11 þ S22

EY

� �
:

ð1Þ

Enforcing S22 ¼ S33 ¼ 0, one obtains S11 ¼ EY E11 and
E22 ¼ E33 ¼ �mE11. Consequently

½C	 ¼def
C11 0 0
0 C22 0
0 0 C33

2
4

3
5 ; ð2Þ

where C22 ¼ �mðC11 � 1Þ þ 1 ¼ C33, and thus

J ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C22C33

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11ð�mðC11 � 1Þ þ 1Þ2

q
: ð3Þ

We may decompose the deformation gradient into a ro-
tation and stretch, F ¼ R � U. Explicitly, for an individual
fiber we have U11 ¼ UI ¼ LI=Lo, U22 ¼

ffiffiffiffiffiffiffi
C22

p
, U33 ¼

ffiffiffiffiffiffiffi
C33

p
,

where LI is the deformed length of the Ith fiber, and Lo is
its original length. Explicitly, the axial stretch of the Ith
fiber is UI ¼ LI=Lo. Explicitly we may write for the Cauchy
stress

r11 r12 r13

r21 r22 r23

r31 r32 r33

2
4

3
5 ¼ 1

J

R11ðcÞ R12ðcÞ R13ðcÞ
R21ðcÞ R22ðcÞ R23ðcÞ
R31ðcÞ R32ðcÞ R33ðcÞ

2
4

3
5

�
U11 0 0

0 U22 0

0 0 U33

2
4

3
5

�
S11 0 0

0 0 0

0 0 0

2
4

3
5 U11 0 0

0 U22 0

0 0 U33

2
4

3
5

�
R11ðcÞ R12ðcÞ R13ðcÞ
R21ðcÞ R22ðcÞ R23ðcÞ
R31ðcÞ R32ðcÞ R33ðcÞ

2
4

3
5

T

ð4Þ
For the axial stress needed to compute fiber rupture one
can simply re-write the stress tensor with respect to axes
that are aligned with the deformed configuration,
r̂r ¼ Rð�cÞ � r � RTð�cÞ. All components of r̂r are zero ex-
cept for the axial component, which is simply
ra ¼ ð1=JÞU2

11S11.

2.1
Relaxed theory for compression
Our primary interest is to treat problems where the
compressive strength of the fibers contributes negligibly to
the response of the fabric. Clearly, compression of fibers
will lead to buckling, and hence to wrinkling of the fabric
when it is considered as a continuum. It is rather obvious
that a theory where no flexure resistance (bending) and no
compressive stresses are allowed cannot adequately de-
scribe wrinkling. The use of theories which take bending
and compression into account involve a much higher de-
gree of computational effort. Since the usual quantity of
interest for fabrics used in structural applications is the
global force-deflection (tensile) response, which is rela-
tively insensitive to small local compressive responses,
analyses based on so-called relaxed theories of perfectly
flexible solids are frequently used. Essentially, such theo-
ries consist of enforcing a zero stress state for any com-
pressive strains. Pipkin [19] appears the first to have
shown that such a model is compatible with the conven-
tional theory of elastic surfaces by considering a mini-
mizing sequence for an associated variational problem,
and that such sequences have a structure similar to ob-
served wrinkling in thin elastic sheets. Such approaches, in
one way or another, have been adopted by numerous

Fig. 1. A projectile encountering a multilayered fabric shielding

Fig. 2. a An idealized fabric net. b A possible configuration
of a portion of the fabric

Fig. 3. A geometrical description of the deformation of an
individual fiber using a locally aligned coordinate system
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researchers for the elastostatic analysis of structural fabric.
For example, see Buchholtz et al. [4], Pangiotopoulos [17],
Bufler and Nguyen-Tuong [5] and Cannarozzi [6] and [7].
In a series of works by Steigmann and coworkers: Hase-
ganu and Steigmann [8–10] and Atai and Steigmann [2–3],
a variety of theoretical results and elastostatic solution
techniques based on pseudo-dynamic relaxation methods
were developed. A crucial theoretical result proven by
Steigmann and coworkers is that a necessary condition for
the existence of energy minimizers in elastostatics is that
the fibers carry no loading in compression. In the present
work, we adopt this condition in the dynamic case as well,
i.e. if UI � 1, we set ra ¼ 0.

2.2
Progressive damage in the fabric
The rupture of most fibers used as shielding is not sudden,
but rather gradual as shown in Fig. 4. This is attributed to
inhomogeneous rupture of microscale filaments which
comprise a single fiber (Fig. 2), as well as internal
microscale friction, which impedes micro-filament
pullout between the individual micro-filaments. On the
continuum scale we represent this progressive degradation
in each fiber comprising the fabric net by a damage
parameter

EY
I ¼ aIE

Y
o ; ð5Þ

where for each fiber I ¼ 1; . . .N , the damage parameter is
governed by the following over-stress evolution equation

_aaI ¼ f
ra

I

ra
crit

� 1

� �
aI ð0 < aI � 1Þ ; ð6Þ

where if ra
I < rcrit then f ¼ 0 and where if ra

I  rcrit then
f ¼ f�.

Remark. A microscale analysis of inhomogeneous micro-
filament rupture within Zylon fibers, including thermal
effects, was carried out in Zohdi and Steigmann [28] to
motivate the relation in Eq. 6.

2.3
Dynamic equilibrium of the fabric net
We consider a mass lumping technique whereby at
each node an equation for dynamic equilibrium is
computed:

m€uui ¼
X4

I¼1

f I þ Pi ; ð7Þ

where the four forces (f I) are the axial contributions of the
four fibers intersecting at node i (Fig. 5), m is the mass of a
single lumped mass node, i.e. the total fabric mass divided
by the total number of nodes, and where Pi is the contri-
bution from the projectile, if the node is in contact with
the projectile. The cross-sectional area is given by

JIAoLo ¼ AILI ) AI ¼
JIAoLo

LI
; ð8Þ

and thus the forces in the current configuration can be
computed by

f I ¼ ra
I AIaI ¼ aI

EY
o

2
AoðU3

I � UIÞaI ; ð9Þ

where the axial directions are given by

aI ¼
rR

I � rL
I

jjrR
I � rL

I jj
: ð10Þ

3
A recursive solution procedure
Consider the general equation:

AðuÞ ¼ gðuÞ : ð11Þ
It is advantageous to write this in the form

PðuÞ ¼ GðuÞ � u þ d ¼ 0 : ð12Þ
A straightforward fixed point iterative scheme is

Gðuk�1Þ þ d ¼ uk ð13Þ
The convergence of such a scheme is dependent on the
characteristics of G. Namely, a sufficient condition for
convergence is that G is a contraction mapping for all uk,
k ¼ 1; 2; 3 . . .. Convergence of the iteration can be studied
by defining the error vector ek ¼ uk � u. A necessary
condition for convergence is iterative self consistency, i.e.
the exact solution must be represented by the scheme
GðuÞ þ d ¼ u. Using this condition, a sufficient condition
for convergence is the existence of a contraction mapping

jjekjj ¼ jjuk � ujj ¼ jjGðuk�1Þ � GðuÞjj
� gjjuk�1 � ujj ; ð14Þ

Fig. 4. A typical tensile response for fiber comprised
of a group of micro-filaments Fig. 5. A fabric comprised of lumped masses
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where, if g < 1 for each iteration k, then ek ! 0 for any
arbitrary starting solution uk¼0 as k ! 1. If G is differ-
entiable, we may write

GðuÞ ¼ Gðuk�1Þ þ ruGðuÞjuk�1ðuk�1 � uÞ þ OðjjDujj2Þ ;

ð15Þ
and thus, provided that the functional behavior is locally
convex (Perron [18], Ostrowski [15, 16], Ortega and Rockoff
[14] and Kitchen [12]) in the neighborhood of the solution,

jjGðuÞ � Gðuk�1Þjj
¼ jjruGðuÞjuk�1ðuk�1 � uÞ þ OðjjDujj2Þjj
� jjruGðuÞjuk�1ðuk�1 � uÞjj ðlocal convexityÞ
� jjruGðuÞjuk�1 jj|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

gk�1

jjuk�1 � ujj : ð16Þ

Therefore, unconditional convergence is attained if for uk,
k ¼ 1; 2; 3 . . ., gk < 1. General overviews of fixed-point
algorithms can be found in Ames [1].

Remark. A Newton-type solution scheme, which can be
considered as a higher order fixed-point iteration, can be

developed by writing PðukÞ ¼ Pðuk�1Þ þ oP
ou juk�1

ðuk � uk�1Þ þ OðjjDujj2Þ � 0, thus leading to the following
sufficient convergence criteria����
�

PðuÞ oP
ou

� ��2
o2P
ou2

�����
uk�1

���� < 1 : ð17Þ

Newton’s method usually converges at a faster rate than a
direct fixed point iteration, quadratic as opposed to super-
linear, however its convergence criteria is less robust than
the presented fixed-point algorithm, due to its dependence
on the gradients of the solution. We now tailor the presented
fixed-point approach to the problem at hand.

3.1
A recursive staggering scheme
Consider the following iterative scheme for all nodes not in
direct contact with the projectile

m€uuk
i ¼

X4

I¼1

fk�1
I ; ð18Þ

where I denotes local nodes and where k ¼ 1; 2; 3 . . . is an
iteration counter. The case of nodes in direct contact with
the projectile will be treated in the next section. Using a
backward Euler approximation we have

€uuk
i ðt þ dtÞ � vk

i ðt þ dtÞ � viðtÞ
dt

� uk
i ðt þ dtÞ � uiðtÞ

ðdtÞ2 � viðtÞ
dt

; ð19Þ

leading to

uk
i ðt þ dtÞ ¼ uiðtÞ þ viðtÞdt þ ðdtÞ2

m

X4

I¼1

fk�1
I : ð20Þ

For all nodes, at a given time step, the uk are computed
until

jjuk
i ðt þ dtÞ � uk�1

i ðt þ dtÞjj � TOL : ð21Þ
Comparing Eq. (21) to Eq. (12), we see that

Gðuk�1
i Þ ¼def ðdtÞ2

m

X4

I¼1

fk�1
I

¼ EY
o AoðdtÞ2

2m

X4

I¼1

ak�1
I ððUk�1

I Þ3 � Uk�1
I Þak�1

I :

ð22Þ
Therefore the spectral radius of G grows with
ðEY

o AoðdtÞ2Þ=ð2mÞ.

3.2
Substaggered projectile/fabric interaction
In order to simplify the problem somewhat, we assume
that the projectile has only one velocity component,
namely orthogonal to the fabric (denoted as the z-direc-
tion). Furthermore, the projectile is assumed to be rigid.
Initially, the velocity can be computed from a balance of
momentum in the z-direction

mpvo ¼ mpvp þ mC
f vf ) vpz ¼

mp

mp þ mC
f

vo ; ð23Þ

where all external forces are zero due to the fact that ini-
tially, the fabric is unstretched. Here vo is the incoming
velocity of the projectile and mC

f represents the mass of the
fabric contact area. We restrict all nodes that are under-
neath the projectile to have the same z-component of ve-
locity as the projectile, however, they may slide, in a
frictionless manner, in any other direction. As time pro-
gresses, when the projectile and fabric are in contact, we
have a work-energy

1

2
mpvpðtÞ � vpðtÞ þ

XN

i¼1

1

2
mviðtÞ � viðtÞ �

XF

I¼1

AoLo

�
ZEI11ðtþdtÞ

EI11ðtÞ

aIðt þ dtÞEY
o EI11ðt þ dtÞdEI11

¼ 1

2
mpvpðt þ dtÞ � vpðt þ dtÞ

þ
XF

i¼1

1

2
mviðt þ dtÞ � viðt þ dtÞ : ð24Þ

We obtain the solution of this problem with a fixed-point
iteration, which will be later embedded into an overall
staggering process, vp � vp ¼ v2

pz

vk
pzðt þdtÞ ¼ ðv2

pzðtÞ�
2

mp

XF

I¼1

AoLo

�
ZEk�1

I11 ðtþdtÞ

EI11ðtÞ

ak�1
I ðt þdtÞEY

o Ek�1
I11 ðt þ dtÞdEI11

þ m

mp

XN

i¼1

viðtÞ � viðtÞ

� m

mp

XN

i¼1

vk�1
i ðt þdtÞ � vk�1

i ðt þ dtÞÞ
1
2

ð25Þ
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Writing vpzðt þ dtÞ ¼ ðupzðt þ dtÞ � upzðtÞÞ=ðdtÞ yields the
following staggering scheme

uk
pzðt þ dtÞ ¼ upzðtÞþ dtðv2

pzðtÞ�
2

mp

XF

I¼1

AoLo

�
ZEk�1

I11 ðtþdtÞ

EI11ðtÞ

ak�1
I ðt þ dtÞEY

o Ek�1
I11 ðt þ dtÞdEI11

þ m

mp

XN

i¼1

viðtÞ � viðtÞ

� m

mp

XN

i¼1

vk�1
i ðt þ dtÞ � vk�1

i ðt þ dtÞÞ
1
2 :

ð26Þ
For all nodes in direct contact with the projectile uiz ¼ upz

at all times.

3.3
Overall solution procedure

For a sheet/projectile pair:

vpz ¼
mp

mp þ mC
f

vo

Within a time step:

Step I: Solve for displacements via equilibrium: if in
contact zone:

uk
ixðt þ dtÞ ¼ uixðtÞ þ vixðtÞdt þ ðdtÞ2

m

X4

i¼1

f k�1
ix ;

uk
iyðt þ dtÞ ¼ uiyðtÞ þ viyðtÞdt þ ðdtÞ2

m

X4

i¼1

f k�1
iy ;

uk
izðt þ dtÞ ¼ uk�1

pz ðt þ dtÞ :

If not in contact zone:

uk
i ðt þ dtÞ ¼ uiðtÞ þ viðtÞdt þ ðdtÞ2

m

X4

i¼1

fk�1
i :

Step II: Solve for axial Cauchy stresses:

rak
I ¼ 1

Jk
I

ðUk
I11Þ

2Sk
I11 :

Step III: Compute damage evolution:

_aak
I ¼ fk jrak

I j
ra

crit

� 1

� �
ak

I :

Step IV: Compute projectile position:

uk
pzðtþdtÞ¼upzðtÞþdtðv2

pzðtÞ�
2

mp

XF

I¼1

AoLo

�
ZEk�1

I11 ðtþdtÞ

EI11ðtÞ

ak�1
I ðtþdtÞEY

o Ek�1
I11 ðtþdtÞdEI11

þ m

mp

XN

i¼1

viðtÞ �viðtÞ

� m

mp

XN

i¼1

vk�1
i ðtþdtÞ �vk�1

i ðtþdtÞÞ
1
2 :

Step V: Repeat until:

jjuk
i ðt þ dtÞ � uk�1

i ðt þ dtÞjj � TOLjjuk
i ðt þ dtÞjj :

Step VI: If no converge in j iterations reduce time step size:

dt ¼ ðdtÞo

jjuk
i ðt þ dtÞjjTOL

jjuk
i ðt þ dtÞ � uk�1

i ðt þ dtÞjj
:

Step VII: Go to next time step.
reset

dt ¼ ðdtÞo :

Step VIII: If penetration occurs go to next sheet:

vo ¼ vpzðt þ dtÞ :

ð27Þ

Remark. A relatively simple approximation for the work
integral of the fibers needed for the displacement of the
projectile is to evaluate the damaged state at the midpoint
of the time interval, and then to integrate the remaining
terms analytically,

ZEk�1
I11 ðtþdtÞ

EI 11ðtÞ

ak�1
I ðt þ dtÞEY

o Ek�1
I11 ðt þ dtÞdEI11

� ak�1
I ðt þ dtÞ þ aIðtÞ

2

EY
o ðEk�1

I11 ðt þ dtÞÞ2

2
:

4
An example and discussion
We considered a 50 caliber, 0.0127 m (0.5 inch) in diameter,
0.037 kg cylindrical projectile initially traveling at 304 m/s. A
Zylon fabric net of 35 � 35 fibers per square inch was used.
The individual fibers were taken to have effective radii of
0.00025 m. The fabric was square of dimensions
0:254 � 0:254 m, thus leading to 350 � 350 fibers, and
consequently 350 � 350 lumped mass nodes and
3 � 3502 ¼ 367500 degrees of freedom (unknowns). The
location of the center of the projectile at initial impact was
x ¼ 0:7 � 0:254 m, y ¼ 0:3 � 0:254 m and z ¼ 0:0 m
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(Fig. 6). To illustrate the characteristics of the model, we
used material parameters for Zylon taken from a recent
technical report Toyobo [26]: EY

o ¼ 180 GPa, rcrit ¼ 6.333
GPa and qo ¼ 1540:0 kg=m3. It was estimated from previous
experimental and numerical analyses (using large-scale
finite element approaches) by SRI (Shockey et al. [22] and
Simons et al. [23]) that approximately 20–25 sheets would
be needed to stop an incoming projectile such as the one
described when hit directly in the center of the sheets
(x ¼ 0:5 � 0:254 m, y ¼ 0:5 � 0:254 m and z ¼ 0:0 m). The
parameter fiber degradation rate that matched this estimate
(22 sheets) for the model was f� ¼ �100. Penetration was
said to occur if the material directly underneath the pro-
jectile (in the contact zone) degraded to 25% of its original
stiffness, haixp

¼ 0:25 ¼ 1=ðjxpjÞ
R
xp

a dxp, i.e. 75% dam-
age. These parameters were then used for the off-center
impact. As one can see in Fig. 7, approximately 20 sheets
were needed in this case. In this and other impact scenarios,
the energy absorbed per sheet is not uniform. This is con-
trolled by the amount of energy kinetically absorbed by the
sheet, as well as by the elastic strain energy absorbed by the
sheet. The amount absorbed kinetically and elastically is
dictated by the mode of deformation, which is a dictated by
the rate of loading. Hence, the amount absorbed per sheet is
not a constant function. The effects of tumbling of the
projectile, as it moves through the sheets, has been neglected
in the analysis. Tumbling helps the impede the projectile,
since the projectile loses rotational energy through this
process. Another effect is due to ‘‘dragging’’ of the sheets
previously penetrated through the remaining sheets during
the overall impact process. Also, the blunting of the pro-
jectile, due to contact with the fabric, which in many cases
are coated, for example with alumina, has also been ignored
in the present analysis. However, experimental and finite
element analyses have been carried out by SRI to investigate
such effects (Shockey et al. [22] and Simons et al. [23]).
Generally, neglection of all of the mentioned effects makes
the present analysis conservative, i.e. it overestimates the
number of sheets needed to stop a projectile. Finally, a
potentially important issue is the amount of initial slack in
the fibers. Upon initial impact, if there is slack in the fibers, a
large amount of the kinetic energy in the projectile will go
into putting the sheet into motion, i. e., virtually pure kinetic
energy transfer, with no straining of the fibers until the

projectile’s displacement is large enough to eliminate the
slack in the individual fibers. Currently, the optimization of
the effects of slack and fiber weave pattern on the perfor-
mance of ballistic fabric shielding is under investigation by
the author.
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