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Abstract

In this work a staggering solution strategy for the simulation of the time-dependent inelastic mechanical deformation
of a class of solids, possessing irregular heterogeneous microstructure, is developed. The system of coupled equations
involved consists of (1) a dynamic equation of momentum balance, where the primary .eld variable is the displacement,
(2) an evolution equation for material degradation, where the primary .eld variable is a state damage function, and (3) an
evolution equation for the inelastic strains in the solid where the primary .eld variable is a plastic strain .eld. Clearly, the
damage and plasticity variables are implicit functions of the displacement, however, for the staggering scheme strategy, it
is convenient to formulate them as individual .elds during the solution process. The key concept for the strategy to operate
e0ciently is to estimate and control the so-called staggering error, i.e. the error due to incompletely resolving the coupling
between the .eld equations in a staggering process. This error is a function of the time step size. However, because the
coupling is temporally variable, possibly becoming stronger, weaker, or oscillatory, it is extremely di0cult to ascertain a
priori the time step size needed for prespeci.ed error control. In the present work, to induce desired staggering rates of
convergence within each time step, thus controlling the staggering error, an adaptive strategy is developed whereby the
time step size is manipulated, enlarged or reduced, to control the intrinsic contraction mapping constant of the staggering
system operator. The overall goal is to deliver accurate solutions where temporal discretization error control dictates
the upper limits on the time step size, while the iterative staggering strategy re.nes the step size further to control the
staggering error. Three-dimensional numerical experiments are performed to illustrate the solution strategy.
? 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

One reason for the success of many modern structural components is the tailored macroscopic behav-
ior of the material, which can be achieved by modifying a homogeneous base matrix material’s behav-
ior by adding second-phase microscale particulates. However, a drawback of adding particulate material
to a homogeneous base matrix is that the presence of second phase particles will perturb the otherwise
smooth stress .elds in the matrix, locally amplifying or reducing the .elds throughout the microstructure,
which in turn can lead to inhomogeneous damage and plastic growth throughout the microstructure of the
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material. In the ideal case, one would like to make predictions, via numerical simulations, of whether adding
a certain type of matrix-particulate combination will have poor inelastic behavior to minimize expensive
laboratory tests. The focus of this work is primarily on the numerical and algorithmic aspects of the solution
to a class of time-dependent deformation processes involving simultaneous damage and plasticity in solids
possessing randomly distributed particulate microstructure. The model considered is based on a somewhat
standard time-dependent overstress formulation that closely resembles models found in Huet [1–3], Huet et
al. [4] and Huet [5–8]. A nonlinearly coupled partial diCerential equation system arises. Schemes based on
attempts to solve the entire system simultaneuosly (monolithically), then applying Newton-type algorithms,
are not robust due to the possibility of zero, or near zero, tangents that occur when describing a weakening
material. 1 As an example, consider a material law of the form �= �E0: ”, where E0 is the virgin undamaged
material, and � is the classical continuity (isotropic damage) parameter introduced by Kachanov [9], where
�(t = 0) = 1 indicates an initial state, where 0¡�6 1 and �̇6 0. The scalar function � takes on diCerent
values throughout the body, dictated by the evolution law. This constitutive law possesses a tangent of

the form d� = d�E0 : ” + �E0: d”
def= ETAN : d”. In this case, ETAN can lose positive de.niteness when the

change in � is su0ciently large, which in turn will lead to an inde.nite system of algebraic equations. This
is one primary reason why explicit-type schemes enjoy wide usage for complicated phenomena involving
damage.
One can interpret solution techniques of so-called “staggering-type” used in multi.eld simulation processes,

whereby, within a time step, each .eld equation or evolution law is solved individually, allowing only the
primary .eld variable to be active, as a type of explicit approach, if the process is not recursive within a
time step. In explicit staggering schemes, after the solution of each .eld equation, the primary .eld variable
is updated, and the next .eld equation is addressed in a similar manner. In the standard approach, after
this process has been applied, only once, to all of the .eld equations, the time step is incremented and the
procedure is repeated. The classical solution process is nonrecursive, and is highly sensitive to the order
in which the staggered .eld equations are solved. The order of staggering is usually selected based upon
somewhat ad hoc arguments pertaining to which .eld “drives” the other. When there is complicated coupling,
it is extremely di:cult to ascertain in what order to stagger the solution process. Furthermore, as time
progresses, for complicated systems, the coupling can change, becoming stronger, weaker or oscillatory. For
accurate numerical solutions, explicit approaches require small time steps, primarily because the staggering
error accumulates with each passing increment. For details, see Park and Felippa [10], Zienkiewicz [11],
SchreKer [12], Lewis et al. [13] and Doltsinis [14]. A particularly lucid review can be found in Lewis and
SchreKer [15].
In this work a solution strategy for the simulation of the time-dependent inelastic mechanical deformation

of a class of solids, possessing irregular heterogeneous microstructure, is developed. The system of equations
involved are (1) an equation of momentum balance, where the primary .eld variable is the displacement, (2)
an evolution equation for material degradation, where the primary .eld variable is a damage state function,
and (3) an evolution equation for the inelastic strains in the solid where the primary .eld variable is a
plastic strain .eld. Clearly, the damage and plasticity variables are implicitly functions of the displacement,
however, for the staggering scheme strategy, it is convenient to formulate them as individual .elds during the
solution process. For this class of problems, in order to accurately capture the microstructure, it is inescapable
that one must use extremely .ne .nite element meshes, and thus the resulting system of algebraic equations
to be solved can be quite large. The key concept for the strategy to operate e0ciently is to estimate and
control the so-called staggering error, i.e. the error due to incompletely resolving the coupling between the
.eld equations in a staggering process. This error is a function of the time step size. However, because

1 Clearly, for homogeneous materials exhibiting rate independent plasticity in the absence of damage, a Newton scheme, for example
based on the concept of consistent linearization is preferable.
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the coupling is temporally variable, possibly becoming stronger, weaker, or oscillatory, it is extremely di0cult
to ascertain a priori the time step size needed for prespeci.ed error control. In the present work, a solution
strategy is developed, whereby the time step size is manipulated, enlarged or reduced, to control the intrinsic
contraction mapping constant of system staggering operator in order to induce desired staggering rates of
convergence within each time step, thus controlling the staggering error. The approach builds on a technique
developed in Zohdi [16]. The overall goal is to deliver accurate solutions where the minimum of the time
step needed for temporal discretization error control and the time step needed for staggering error control,
Mttol = min(Mtdiscrete;MtStaggering), dictates the upper limits on the time step size. Numerical experiments are
performed to illustrate the solution strategy in practical three-dimensional settings involving solids possessing
irregular heterogeneous microstructure.
The outline of the presentation is as follows. In Section 2, a model problem is developed to describe the

deformation of a heterogeneous solid at .nite strains. In Section 3, a recursive, temporally adaptive, .xed-point
type staggering solution scheme, based on spectral-radius/contraction-constant control is developed. The ap-
proach is based on the observation that the iterative rates of convergence are inversely proportional to the
time step size. Therefore, if the iterative process converges too slowly, then the time step size is appropriately
reduced to increase the convergence rates. Conversely, the step sizes are enlarged, reducing the computa-
tional eCort, when the staggering convergence rates exceed the prescribed limit. In either case, within a time
step, the staggering rates of convergence, and the staggering error, are controlled, essentially by manipulating
the iterative contraction mapping constant of the .xed point system. In Section 4, numerical experiments are
given to illustrate the solution strategy in a practical three-dimensional setting for materially and geometrically
nonlinear systems. In Section 5, some concluding comments are given.

2. A model problem

A structure which occupies an open bounded domain in �∈R3, with boundary @�, is considered. The
boundary consists of �u on which the displacements (u) are prescribed and a part �t on which tractions are
prescribed. The mechanical properties of the heterogeneous material are characterized by a spatially varying
elasticity tensor E∈R32×32 and various evolution (rate) parameters for describing inelastic strains and damage
in the material. E is assumed to be a symmetric bounded positive de.nite tensor-valued function. For reasons
of clarity, strong forms are used to derive the governing equations, possibly assuming more regularity than
warranted. Afterwards, only the weak forms, which produce solutions that coincide with those of strong
formulations, when the solutions are smooth enough, are employed.

2.1. Constitutive assumptions: in;nitesimal strain case

We .rst discuss in.nitesimal strains and then a .nite strain analog. To a .rst approximation the constitutive
relationship can be written as � = E : (” − �), where � is the Cauchy stress. The symbol � is used for the
inelastic strains. Speci.cally, we describe the material changes (damage) and plastic strains via evolution laws
of the following form: 2

� = �E0︸︷︷︸
E

: (” − �); � = ”	;

2 The .eld � could, in general, include other eCects, such as thermal strains.
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(
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‖�′crit‖

− 1
)
+ a2

( |tr �=3|
|tr �=3|crit − 1

))
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g�
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(
a3
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∫ t
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	̇h dt

(
hdef=

�′

‖�′‖
)

; (2.1)

with the following activation conditions:

• if ‖�′‖def= √
�′ : �′ ¡′

crit then a1 = a3 = 0,

• if ‖�′‖def= √
�′ : �′¿ ′

crit then a1 = a∗1 ¡ 0; a3 = a∗3 ¿ 0,
• if | tr�3 |¡ | tr�3 |crit then a2 = 0 and
• if | tr�3 |¿ | tr�3 |crit then a2 = a∗2 ¡ 0.

Here a∗1 , a∗2 and a∗3 , �
′
crit

def= k1(�′=‖�′‖); tr �crit=3
def= k2, k1 and k2 are spatially variable material parameters,

�′=�− (tr �=3)1 and where ”	 represents plastic strains. As indicated in the introduction, here E=�E0, where
E0 is the virgin undamaged material, and � is the classical continuity (isotropic damage) parameter (Kachanov
[9]), where �(t = 0) = 1 indicates an initial state. The scalar function � takes on diCerent values throughout
the body, as dictated by the evolution law. For any later time t, one can consider a deteriorating (weakening)
material where 0¡�6 1 (a1 and a3 being negative), and where as � → 0 the material becomes completely
damaged. For further details on these types of phenomenological (damage) formulations, the interested reader
is referred to the classical work of Kachanov [9].

2.2. A geometrically-nonlinear extension

Now we construct a geometrically nonlinear formulation, as an extension to the in.nitesimal strain case.
We consider the case of .nite deformations with small elastic strains (6 ≈ 1%) and moderate inelastic
strains. Later in the work, an updated Lagrangian staggering type scheme, formulated directly in the current
con.guration, will be used, and thus current con.guration-based material laws are advantageous. A relatively
straightforward extension to the in.nitesimal deformation constitutive laws is to employ the Eulerian/Almansi

strain tensor 3 (Ldef= 1
2 (1− b−1) = 1

2 (∇xu + (∇xu)T − (∇xu)T · ∇xu):

� = �E0︸︷︷︸
E

: (L− �); (� = L	);

�̇=
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a1

( ‖�′‖
‖�′crit‖

− 1
)
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( |tr �=3|
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))
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crit‖
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	 ⇒ L	 = F ·
(∫ t

0
	̇h dt

)
· FT

(
hdef=

S ′

‖S ′‖
)

; (2.2)

where b= F · FT, F =∇Xx, �′crit
def=k1(�′=‖�′‖), (tr �crit=3)def= k2, k1 and k2 being material constants, �′ = � −

(tr �=3)1, S ′ = JF−1 · �′ · F−T , S ′
crit = JF−1 · �′crit · F−T with Kow activation conditions speci.ed as speci.ed

3 As in the in.nitesimal strain case, the .eld � could include other eCects, such as thermal strains.
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previously where u=x−X , X are referential coordinates and in the isotropic case x are current coordinates. The
symbol ∇x indicates diCerentiation with respect to the current con.guration. Such a law is frame indiCerent
under rigid body rotations and translations. Clearly, L is objective as are the scalar-based evolution laws
for � and 	. By construction, the geometrically nonlinear formulation matches the geometrically linear case
for in.nitesimal deformations. In the context of plasticity, if one adheres to the split F = Fe · Fp, then
E − Ep = 1

2F
T
p · (FT

e · Fe − 1) · Fp, where E = 1
2(F

T · F − 1). The Eulerian spilt is closely related to the

well-known split of Green and Naghdi [17–19], Ee
def=E −Ep, where E, Ee and Ep are the total, “elastic” and

plastic Green–Lagrange strains, has been used. Casey [19] justi.es the Green–Naghdi split as an approximation
valid for small elastic and moderate plastic strains. Computational aspects of such strain splits, in the context
of pure elastoplasticity, are discussed in Simo and Ortiz [20] and Simo [21]. We remark that Ee is not a true
elastic strain, except in very special cases. One can simply consider E−Ep as an internal parameter used in a
constitutive law, which is not intended to have any kinematical meaning at .nite strains. The Eulerian type of
split is merely a “push forward” of E−Ep. We remark that the coe0cients a1 through a3 could be temperature
dependent, although in this work we do not consider this case. Also, we remark that for the plastic strain,
the manipulations involving the Second Piola–KirchhoC stress, S , are necessary to achieve a frame-indiCerent
constitutive formulation. For the damage this is unnecessary due to the fact that it is a purely scalar quantity. It
is important to note that the constitutive law relating the Cauchy stress and the Almansi strain tensor must be
isotropic in order to remain frame indiCerent under all superposed rigid body rotations. To see this consider,
[�̂] = [R][�][R]T implying {�̂}= [T]{�}= [Ê][T]{L}= [Ê]{L̂} which implies {�}= [T−1][Ê][T]{L}, where
[R] is a transformation matrix, and where [ · ] is used to indicate matrix notation equivalent to a tensor form,
while {·} is used to indicate a vector representation. Frame indiCerence requires that [E]= [T−1][Ê][T], ∀[R]
and thus ∀[T]. This relation holds only if [E] is isotropic.

3. A recursive staggering algorithm

As indicated in the introduction, a popular class of solution techniques for coupled systems are so-called
“staggering schemes”, whereby, within a time step, each .eld equation is solved individually, allowing only
the primary .eld variable to be active. After the solution of each .eld equation, the primary .eld variable
is updated, and the next .eld equation is addressed in a similar manner. In an explicit variant of such
an approach, after this process has been applied, only once, to all of the .eld equations, the time step is
incremented and the procedure is repeated. An explicit type of this process is nonrecursive, and for accurate
numerical solutions, the approach requires small time steps, primarily because the staggering error accumulates
with each passing increment. For details, see Park and Felippa [10], Zienkiewicz [11], SchreKer [12], Lewis
et al. [13], Doltsinis [14], Piperno [22], Lewis and SchreKer [15] and Le Tallec and Mouro [23]. In Zohdi [5],
a recursive staggering strategy which allowed the adaptive control of time step sizes, was developed. In that
approach, in order to reduce the error within a time step, the staggering methodology was formulated as a
recursive .xed-point iteration, whereby the system was repeatedly re-solved until .xed-point type convergence
was achieved. Extending the approach in Zohdi [16] to the class of problems at hand, we consider a system
consisting of four .elds: u, �, � and L	. Clearly, the pseudo-;eld variables, � and L	, are implicitly functions
of the displacement, i.e. �=�(u) and L	=L	(u), however, for the staggering scheme strategy, it is convenient
to formulate them as individual .elds. In some cases, inertial terms can play an important role in the model
under consideration. A relatively straightforward approach for the inertial terms, which is amenable to time
step adaptivity, is (L being the time step counter)

SuL+1 =
u̇L+1 − u̇L

Mt
=

(uL+1 − uL)=Mt − u̇L
Mt

=
uL+1 − uL
(Mt)2

− u̇L

Mt
=
uL+1

(Mt)2
− uL

(Mt)2
− u̇L

Mt
; (3.1)
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which collapses to a central diCerence-like stencil of SuL+1 = (uL+1 − 2uL + uL−1)=(Mt)2, when the time
step size is uniform. For the evolution equations, consistent with the fully staggered solution approach we
freeze the g� and g	, using the most current state variable values, and integrate analytically. Additionally,
the geometric con;guration of the system is frozen during each equation solve, and is updated only at the
end of each individual system iteration. This is essentially an “updated Lagrangian” formulation, where all
variables are referred to the last calculated con.guration as opposed to a “total Lagrangian” formulation where
all variables are referred to the initial con.guration. In this particular case, the last calculated con.guration
is the previously computed one within the staggering scheme. Employing weak formulations, algorithmically
the staggering scheme is as follows:

AT A TIME STEP (L) : START AN INTERNAL ITERATION I = 0

STEP 1 : UPDATE GEOMETRICAL CONFIGURATION : �L+1; I = �L+1; I−1

STEP 2 : INTEGRATE EVOLUTION EQUATIONS

�̇L+1; I+1 = gL+1; I
� �L+1; I+1 ⇒ �L+1; I+1 = �Leg

L+1; I
� MtL+1

;

	̇L+1; I+1 = g
L+1; I+1

2
	 	L+1; I+1 ⇒ 	L+1; I+1 = 	Leg

L+1; I
	 1=2MtL+1

WHERE gL+1; I def= g(uL+1; I �L+1;I+1)

STEP 3 : SOLVE BALANCE OF MOMENTUM :

Find uL+1; I+1 ∈Uu(�L+1; I ); uL+1; I+1|�L+1; I
u

= dL+1such that ∀ v∈Vu(�L+1; I ); v|�L+1; I
u

= 0∫
�L+1;I

∇xv : �L+1; I
(
E0 : (∇xuL+1; I+1 − 1

2
(∇xuL+1; I )T · ∇xuL+1; I − �L+1; I+1)

)
dX

+
∫
�L+1;I

�L+1; I u
L+1; I+1

(Mt)2
· v dX−

∫
�L+1;I

�L+1; I
(

uL

(Mt)2
+
u̇L

Mt

)
· v dX

−
∫
�L+1;I

f L+1; I · v dX−
∫
�L+1;I

t

tL+1; I · v dA= 0

WHERE : �L+1; I+1def= LL+1; I+1
	

STEP 4 : CHECK FOR CONVERGENCE :
‖uL+1; I+1 − uL+1; I‖L1(�L+1; I )

‖uL+1; I+1‖L1(�L+1; I )
6TOL

STEP 5 : IF TOLERANCE NOT MET THEN I = I + 1; GO TO STEP 1;

STEP 6 : IF TOLERANCE MET THEN INCREMENT TIME : L = L + 1; UPDATE ALL VARIABLES:

(3.2)

Here Uu is the space of admissible trial functions, while Vu is the space of admissible test functions. For
most loading cases and data these spaces will correspond to H 1. In an abstract setting, one can consider the
following active set solution strategy where the underlined variable is momentarily active, the corresponding
.eld equations solved, the active variable updated, and the process repeated for the next .eld equation:

A1(�I+1;LI
	; u

I ) =F2(�I ;LI
	; u

I ); : : : ; etc: (DEGRADATION);

A2(�I+1;LI+1
	 ; uI ) =F2(�I+1;LI

	; u
I ); : : : ; etc: (PLASTICITY);

A3(�I+1;LI+1
	 ; uI+1) =F3(�I+1;LI+1

	 ; uI ); : : : ; etc: (MOMENTUM): (3.3)
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Writing the system in the form presented leads to algebraic systems which are symmetric and positive
de.nite. Therefore, standard iterative solvers such as the preconditioned Conjugate Gradient Method, can be
used. Such solvers are highly advantageous since any previous solution, from a previous time step or staggered
iteration can be used as the .rst guess in the solution procedure, thus providing a “head start” in the solution
process.

4. Issues of convergence and staggering error control

The algorithm outlined in Boxes 3.2 and 3.3 can be considered as a .xed-point scheme, whose convergence
within each time step is dependent on the time step size itself. The step size can be manipulated, enlarged or
reduced, to induce the desired rates of convergence within a time step, in order to achieve an error tolerance
within a prespeci.ed number of iterations. Consider the general equation

A(w) = F : (4.1)

It is advantageous to write this in the form

�(w) = A(w)− F = G(w)− w+ r = 0: (4.2)

A straightforward .xed point iterative scheme is

G(wI−1) + r = wI (4.3)

The convergence of such a scheme is dependent on the behavior of G . Namely, a su0cient condition for
convergence is that G be a contraction mapping for all wI , I = 1; 2; 3 : : : . Convergence of the iteration
can be studied by de.ning the error vector eI = wI − w. A necessary condition for convergence is iterative
self-consistency, i.e. the exact solution must be represented by the scheme G(w) + r = w. Enforcing this
condition, a su0cient condition for convergence is the existence of a contraction mapping

‖eI‖= ‖wI − w‖= ‖G(wI−1)− G(w)‖6 �‖wI−1 − w‖; (4.4)

where, if �¡ 1 for each iteration I , then eI → 0 for any arbitrary starting solution wI=0 as I → ∞. If G is
diCerentiable, we may write

G(w) = G(wI−1) +∇wG(w)|wI−1 (wI−1 − w) + O(‖Mw‖2); (4.5)

and thus, provided that the functional behavior is locally convex (Perron [24], Ostrowski [25,26], Ortega and
RockoC [27] and Kitchen [28]) in the neighborhood of the solution,

‖G(w)− G(wI−1)‖= ‖∇wG(w)|wI−1 (wI−1 − w) + O(‖Mw‖2)‖
6 ‖∇wG(w)|wI−1 (wI−1 − w)‖ (local convexity)

6 ‖∇wG(w)|wI−1‖︸ ︷︷ ︸
�I−1

‖wI−1 − w‖: (4.6)

Therefore, unconditional convergence is attained if for wI , I = 1; 2; 3; : : : ; �I ¡ 1. General overviews of
.xed-point algorithms can be found in Ames [29].
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Remark. An alternative approach is to attempt to solve the entire system simultaneuosly (monolithically).
This would involve the use of a Newton-type scheme, which can also be considered as a type of .xed-point
iteration. Newton’s method is covered as a special case of this general analysis. To see this, consider �(wI )=
�(wI−1) +∇w�wI−1 (wI − wI−1) + O(‖Mw‖2) ≈ 0. Therefore, Newton updating can be written as

wI = wI−1 − (ATAN; I−1)−1�(wI−1); (4.7)

where �def=A(w) − F is the residual, and ATAN; I = (∇wA(w))|wI = (∇w�(w))|wI is the tangent. Therefore,
in the .xed-point form one has the operator G(w) = w − (ATAN)−1�(w). The gradient is ∇wG(w) =

(ATAN)−2(ATAN)TAN�(w), where (ATAN)TANdef=∇w(∇wA(w)). Therefore, the convergence criterion is, ∀I =
1; 2; : : : ; following the approach for the .rst .xed-point scheme,

‖G(w)− G(wI−1)‖6 ‖(ATAN;I−1)−2(ATAN;I−1)TAN;I−1�(wI−1)‖︸ ︷︷ ︸
�I−1

‖wI−1 − w‖: (4.8)

Equivalently, one can write ‖((∇w�)−2∇w(∇w�(�(w))))|wI−1‖¡ 1. As mentioned at the outset of this
work, one immediately sees a fundamental di0culty, due to the possibility of a zero, or near zero, tangent
when employing a Newton-type method to a system describing a weakening material, since ETAN can lose
positive de.niteness when the change in � is su0ciently large, which in turn will lead to an inde.nite-type
system of algebraic equations. Therefore, while Newton’s method usually converges at a faster rate than a
direct .xed point iteration, quadratic as opposed to superlinear, its convergence behavior is less robust than the
presented .xed-point algorithm, due to its dependence on the gradients of the solution. In this work, since we
consider materials which experience damage and plasticity, under dynamic conditions, it is unlikely that the
gradients of G remain positive de.nite and thus we opt for the more robust “gradient-free” staggering scheme.
A further issue complicating the use of Newton-type schemes for simulating microheterogeneous solids is the
low regularity of the operator G with respect to w, thus making gradients highly unattractive and in many
cases inapplicable.

4.1. Explicit time dependence

For the class of coupled systems considered in this work the coupled operator’s spectral radius is directly
dependent on the time step discretization Mt. We consider a simple example which illustrates the essential
concepts. Consider coupling of a second-order system and two .rst-order systems

aẇ1 + w2 = 0;

bẇ2 + w3 = 0;

c Sw3 + w1 = 0: (4.9)

When discretized in time, for example with a backward Euler scheme, ẇL+1
1 =(wL+1

1 −wL
1 )=Mt, ẇL+1

2 =(wL+1
2 −

wL
2 )Mt and SwL+1

3 = (wL+1
3 − 2wL

3 + wL−1
3 )=(Mt)2, one obtains the following coupled system:


1 Mt

a 0

0 1 Mt
b

(Mt)2

c 0 1






wL+1
1

wL+1
2

wL+1
3


=




wL
1

wL
2

2wL
3 − wL−1

3


 ; (4.10)
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where L is a time increment counter. For a recursive staggering scheme of Jacobi-type, where the updates are
made only after one complete iteration, considered here only for algebraic simplicity, one has 4


1 0 0

0 1 0

0 0 1






wL+1; I+1
1

wL+1; I+1
2

wL+1; I+1
3


=




wL
1

wL
2

2wL
3 − wL−1

3


−




Mt
a wL+1; I

1

Mt
b wL+1; I

2

(Mt)2

c wL+1; I
3


 : (4.11)

Rewriting this in terms of the G -form yields


0 Mt
a 0

0 0 Mt
b

(Mt)2

c 0 0




︸ ︷︷ ︸
G




wL+1; I
1

wL+1; I
2

wL+1; I
3


−




wL
1

wL
2

2wL
3 − wL−1

3


︸ ︷︷ ︸

r

−




wL+1;I+1
1

wL+1;I+1
2

wL+1;I+1
3


︸ ︷︷ ︸

wL+1;I+1

: (4.12)

The eigenvalues of G are ±(Mt)4=3=(abc)1=3. One sees that the spectral radius of the staggering operator grows
quasilinearly with the time step size, speci.cally, superlinearly as (Mt)4=3. Following Zohdi [16], a somewhat
less algebraically complicated example illustrates a further characteristic of such solution processes. Consider
the following example of reduced dimensionality, namely a coupled .rst-order system aẇ1 + w2 = 0 and
bẇ2 +w1 =0. When discretized in time with a backward Euler scheme and repeating the preceding procedure
one obtains the following G -form:[

0 Mt
a

Mt
b 0

]
︸ ︷︷ ︸

G

{
wL+1; I
1

wL+1; I
2

}
−
{

wL
1

wL
2

}
︸ ︷︷ ︸

r

−
{

wL+1;I+1
1

wL+1;I+1
2

}
︸ ︷︷ ︸

wL+1;I+1

: (4.13)

The eigenvalues of G are ±
√
(Mt)2=ab. One sees that the convergence of the staggering scheme is directly

related (linearly in this case) to the size of the time step. The solution to the example is

wL+1
1 =

abwL
1 + bMtwL

2

ab− (Mt)2
= wL

1 −
wL
2

a
Mt︸ ︷︷ ︸

.rst staggered iteration

+
wL
1

ab
(Mt)2︸ ︷︷ ︸

second staggered iteration

+ · · · (4.14)

and

wL+1
2 =

abwL
2 + aMtwL

1

ab− (Mt)2
= wL

2 −
wL
1

a
Mt︸ ︷︷ ︸

.rst staggered iteration

+
wL
2

ab
(Mt)2︸ ︷︷ ︸

second staggered iteration

+ · · · : (4.15)

As pointed out in Zohdi [16], the time step induced restriction for convergence matches the radius of analyticity
of a Taylor series expansion of the solution, which converges in a ball of radius from the point of expansion

4 A Gauss–Seidel-type approach would involve using the most current iterate. Typically, under very general conditions, if the Jacobi
method converges, the Gauss–Seidel method converges at a faster rate, while if the Jacobi method diverges, the Gauss–Seidel method
diverges at a faster rate. The Jacobi method is easier to address theoretically, thus it is used for proof of convergence, and the Gauss–Seidel
method at the implementation level.
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to the nearest singularity, around the previous time increment solution. In other words, the limiting step size
is given by setting the denominator to zero, ab− (Mt)2 =0, which is in agreement with the condition derived
from the analysis of the eigenvalues of G .
Generally speaking, if the recursive process is not employed, i.e. an explicit scheme, the staggering error

can accumulate relatively rapidly. However, an overkill approach involving very small time steps, smaller
than needed to control the discretization error, simply to suppress a nonrecursive staggering process error, is
computationally ine0cient. Therefore, the objective of the next section is to develop a strategy to adaptively
adjust, in fact maximize, the choice of the time step size to control the staggering error, while simultaneously
staying below a critical time step size needed to control the discretization error. An important related issue
is to simultaneously minimize the computational eCort involved. The number of times the multi.eld system
is solved, as opposed to time steps, is taken as the measure of computational eCort, since within a time step,
many multi.eld system re-solves can take place.

4.2. Contraction-mapping time stepping control

The type of contraction condition discussed is su0cient, but not necessary, for convergence. In order to
construct an adaptive staggering strategy, we modify an approach in Zohdi [16] originally developed for
thermochemical multi.eld problems, one approximates � ≈ S(Mt)p, where one estimates the error within
an iteration to behave according to (S(Mt)p)I e0 = eI ; I = 1; 2; : : : ; where e0 is the initial staggering error
and S is a function intrinsic to the system. Our target or ideal condition is to meet an error tolerance in
a given number of iterations, not more, and not less. One writes this in the following approximate form,
(S(Mttol)p)Ide0 = TOL, where Id is the number of desired iterations. Therefore, if the error tolerance is not
met in a desired number of iterations, the contraction constant � is too large. Accordingly, one can solve for
a new smaller step size, under the assumption that S is constant,

Mttol = Mt
(
(TOL=e0)1=pId

(eI =e0)1=pI

)
: (4.16)

The assumption that S is constant is not overly severe, since the time steps are to be recursively re.ned and
unre.ned. Clearly, the expression in Eq. (4.16) is used for time step enlargement, if convergence is met in
less than Id iterations. One sees that if eId ¿etol and I = Id, then the expression in Eq. (4.16) collapses to a
ratio of the error tolerance to the achieved level of iterative error after Id iterations, Mttol =Mt(TOL=eId )1=pId ,
and thus the step size will be scaled by the ratio of the error to the tolerance. We .rst de.ne the normalized
error, within each time step (L+ 1)

eI def=
‖uL+1; I − uL+1; I−1‖L1(�)

‖uL+1; I‖L1(�)
(4.17)

and its corresponding violation ratio

 I def=
eI

TOL
: (4.18)

Here, a general formulation has been written for a more general set of variables, which will be introduced
later. One then determines the violation  I and a scaling factor

#I def=
(
(TOL=e0)1=pId

(eI =e0)1=pI

)
: (4.19)
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Thereafter, the following criterion for temporal adaptivity is adopted

IF TOLERANCE MET ( I 6 1) AND I ¡ Id THEN :

(a) CONSTRUCT NEW TIME STEP Mt = #IMt AND t = t +Mt

(b) SELECT MINIMUM : Mt =MIN(Mtdiscrete;Mt)

(c) STEP TIME : t = t +Mt AND START AT TIME STEP (L+ 1)

IF TOLERANCE NOT MET ( I ¿ 1) AND I¿ Id THEN :

(a) STEP BACK : t = t −Mt

(b) CONSTRUCT NEW TIME STEP : Mt = #IdMt

(c) SELECT MINIMUM : Mt =MIN(Mtdiscrete;Mt)

(d) RESTART AT TIME STEP L+ 1

(4.20)

5. Numerical experiments

To illustrate the algorithm, we considered a cube of matrix material, with normalized dimensions 1×1×1,
containing randomly distributed inhomogeneities. The various physical properties of the two materials are
shown in Table 1. We consider a set of topological microstructural variables which can be conveniently
parametrized by a generalized “ellipsoid”( |x − xo|

r1

)s1

+
( |y − yo|

r2

)s2

+
( |z − zo|

r3

)s3

= 1; (5.1)

where the s’s are exponents. Values of s¡ 1 produce nonconvex shapes, while s¿ 2 values produce “block-
like” shapes. The types of suspensions to be introduced in the matrix binder can be controlled by (1) the

polynomial order, s1, s2 and s3, (2) the aspect ratios de.ned by ARdef=r1=r2 = r1=r3, where r2 = r3, AR¿ 1 for
prolate geometries and AR¡ 1 for oblate shapes and (3) the volume fractions. We considered the following
boundary conditions on the exterior of the cube: u(t=0)|@�=0, u(t)|@�=t×E·X , Eij=0:01; i; j=1; 2; 3; where
X is a referential position vector to the boundary of the cube. We note that while the displacement loading
is relatively small, the internal strains may be signi.cantly larger. The material parameters, selected only for
the purposes of numerical experiment, are shown in Table 1. From a practical engineering point of view,

Table 1
Material properties used in the computational examples

Material property Matrix Particles

+(GPa) 78 230
,(GPa) 26 172
a∗1 (

1
sec ) −0:1;−0:05;−0:01 −0:2;−0:1;−0:02

a∗2 (
1
sec ) −0:1;−0:05;−0:01 −0:2;−0:1;−0:02

a∗3 (
1
sec ) 0.0001, 0.00005, 0.00001 0.00005, 0.000025, 0.00005

k1(MPa) 100 300
k2(MPa) 100 300
�(kg=m3) 2700 2330
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Fig. 1. Left: The numerical resolution of s=10 particles, with an (oblate) aspect ratio of r1 =0:7r2 =0:7r3, resulting in a volume fraction
of v2 ≈ 0:135 (20 particles shown). Right: A single particle.

macroscopic quantities, which are volumetrically averaged outcomes of the simulated microstructural events,
are of interest. Such quantities include, (1) the mechanical response, 〈�〉� and (2) the average change in the
material, for example damage, 〈�〉�. For any microstructural combination, volume fractions, phase contrasts,
etc., the samples must be tested and enlarged, holding the volume fraction constant, but increasing the number
of particles, for example from 2; 4; : : : until the macroscopic results stabilize. Over the course of such tests the
.nite element meshes were repeatedly re.ned, and a mesh density of approximately 9×9×9 trilinear hexahedra
(approximately between 2200 and 3000 DOF for the vector-valued balance of momentum) per particle was
found to deliver mesh independent results. Therefore, for example for he 10 particle test, 24000 DOF for
the balance of momentum equation, for 20 particles, 46875 DOF, etc. During the computations, a “ 2

5” Gauss
rule was used, whereby elements containing material discontinuities had increased Gauss rules (5 × 5 × 5)
to enhance the resolution of the internal geometry, while elements with no material discontinuities had the
nominal 2× 2× 2 rule. The numerical resolution of the microstructure is shown in Fig. 1, for a topological
exponent of s=10. Samples containing approximately 20 particles were used, although strictly speaking they
were far too small to be statistically representative. However, they gave reasonably stable macroscopic results
for the purposes of these numerical experiments. A more detailed and rigorous analysis of size eCects for
such systems is beyond the scope of this presentation. The reader is referred to the following series of works
Huet [30–34], Guidoum and Navi [36], Amieur et al. [37], Guidoum [38], Amieur [39], Hazanov and Huet
[40], Hazanov and Amieur [41], Amieur et al. [42] and Huet [6–8], as well as some recent work of the author
(Zohdi [16,43]). In particular, for related work in the optimization of the material microstructure, controlling
parameters such as s, see Zohdi [43].
A time step size of one second was the starting value. The algorithmic staggering tolerance was set to

e6 0:0001 for the normalized/global control. The designated maximum number of internal iterations, Id, was
set to .ve. However, during the simulations, this level of coarse time step discretization was not encountered.
The starting time step size was Mt = 1 s. In order to smoothly re.ne and unre.ne the time steps, the time
step contractions and enlargements were bounded in the range 0:96#I 6 1:1. The total simulation time was
set to 60 s. The time step limit size was set to 1 s. This was done in order to illustrate that the approach
can be used when there is a maximum step size limit, for example set for reasons of time discretization
(truncation) error control. No lower time step size was set. The results are depicted in Figs. 2–7 for strong,
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Fig. 2. For the strongest damage and plasticity rates (Table 1). Left: The volumetric average of the degradation versus time. Right: The
volumetric average of the normal stresses versus time.
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Fig. 3. For the strongest damage and plasticity rates (Table 1). Left: The volumetric average of the shear stresses versus time. Right:
The adapted time step sizes versus time.
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Fig. 4. For the moderate damage and plasticity rates (Table 1). Left: The volumetric average of the degradation versus time. Right: The
volumetric average of the normal stresses versus time.
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Fig. 5. For the moderate damage and plasticity rates (Table 1). Left: The volumetric average of the shear stresses versus time. Right:
The adapted time step sizes versus time.
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Fig. 6. For the weakest damage and plasticity rates (Table 1). Left: The volumetric average of the degradation versus time. Right: The
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moderate and weak damage and plasticity rates (Table 1). As the .gures indicate, initially the time step size
needed for the coupling error control was larger than that needed for the discretization error control. For the
weakest damage and plasticity rates (Figs. 6–7), the time discretization error step size limit was adequate to
control the staggering error as well. However, when signi.cant inelastic eCects become stronger (Figs. 2–5),
the time steps required for staggering error control are smaller than those needed for time step discretization
error control.

6. Concluding remarks

In this work, the error due to incompletely resolving the coupling between .eld equations describing
time-dependent damage and plasticity in solids possessing irregular microstructure was characterized in such
a way to be amenable to relatively simple adaptive control. A solution strategy was developed, whereby the
time step size was manipulated, enlarged or reduced, to control the contraction mapping constant of the system
operator in order to induce desired staggering rates of convergence within each time step. The overall goal was
to deliver accurate solutions where the staggering error was controlled while simultaneously obeying time-step
size limits dictated by discretization error concerns. Generally speaking, the error, which is a function of the
time step size, is temporally variable and can become stronger, weaker, or possibly oscillatory, is extremely
di0cult to ascertain a priori as a function of the time step size. Therefore, to circumvent this problem, the
adaptive strategy presented in this work was developed to provide accurate solutions by adjusting the time
steps accordingly. Speci.cally, a su0cient condition for the convergence of the presented .xed-point scheme
was that the spectral radius or contraction constant of the coupled operator, which depends on the time step
size, must be less than unity. This observation was used to adaptively maximize the time step sizes, while
simultaneously controlling the coupled operator’s spectral radius, in order to deliver solutions below an error
tolerance within a prespeci.ed number of desired iterations. This recursive staggering error control can allow
for substantial reduction of computational eCort by the adaptive use of large time steps. Furthermore, such a
recursive process has a reduced sensitivity, relative to an explicit approach, to the order in which the individual
equations are solved, since it is self-correcting.
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